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1 INTRODUCTION

Regulated grammars are significantly more powerful than ordinary context-free
grammars, and this increase of the generative power represents their indisputable
advantage. However, this advantage is achieved by an additional regulating mecha-
nism. It is thus more than natural to reduce this regulating mechanism without any
decrease of the generative power. The present paper discusses this reduction in terms
of matrix grammars, which belong to the very basic types of regulated grammars.
More specifically, it introduces simple-semi-conditional versions of these grammars
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and reduces their regulating mechanism. In these versions, a production may have
an attached word, called a context condition, and its application requires that the
attached condition occurs in the rewritten sentential form or, on the contrary, does
not occur there.

Unfortunately, with the conditions of length one, these grammars do not increase
their power at all as follows from Theorems 6.3.1 and 6.3.2 in [1]. As these grammars
define only a proper subfamily of the family of recursively enumerable languages (see
Theorem 2.12 on page 129 in [8]), the matrix grammars with context conditions of
length one cannot define this family either, so they are hardly of any interest.

However, this paper considers simple-semi-conditional versions of matrix gram-
mars with conditions longer than one and demonstrates that they increase their
generative power. Indeed, the resulting conditional matrix grammars characterize
the entire family of recursively enumerable languages. This paper presents several
characterizations of this family by simple-semi-conditional versions of matrix gram-
mars that have only one condition attached to their productions or matrices. As
a matter of fact, these characterizations are achieved based on reduced versions of
these grammars. This reduction consists in simultaneously bounding

1. number and length of conditions
2. number of nonterminals

3. number and size of matrices.

More specifically, Section 3 introduces matrix simple-semi-conditional grammars
in whose every production has no more than one attached condition. It demonstrates
that any recursively enumerable language can be described by a matrix simple-semi-
conditional grammar with a single matrix containing six rules having conditions of
length three while all the other rules are context-free in the grammar. Section 4 in-
troduces simple-semi-conditional matrix grammars in which conditions are attached
to matrices rather than productions. It proves that seven-nonterminal simple-semi-
conditional matrix grammars define the family of recursively enumerable languages
with two matrices having context conditions of length three. Section 5 compares
the achieved results and proposes some open-problem areas.

2 DEFINITIONS

We assume that the reader is familiar with the language theory (see [5]).

Let V be an alphabet. The cardinality of V' is denoted by #. V* represents
the free monoid generated by V' under the operation of concatenation. The unit of
V is denoted by . Set V' = V* — {e}; algebraically, V' is thus the free semigroup
generated by V under the operation of concatenation. For a word, w € V*, |w|,
alph(w), and reversal(w) denote the length of w, the set of letters occurring in w, and
the reversal of w, respectively. For every symbol X € V, #xw denotes the number
of occurrences of X in w. For a language, L C V*, we set alph(L) = {a: a € alph(w)
for some w € L}, and reversal(L) = {reversal(w): w € L}.
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A context-free grammar is a quadruple, G = (V, T, P, S), where V is an alphabet,
TcV,and S € V—T. P is a finite set of productions of the form A — x, where
AeV -Tandzx e V. f A — 2 € P and u,v € V*, then udv =, uzrv in G.
Let =¢ denote the transitive-reflexive closure of = ¢. The language of G, L(G), is
defined as L(G) = {y: S =5 y,y € T*}.

Next, we recall the definition of matrix grammars. (In the theory of regulated
grammars, there also exist these grammars with appearance checking; these versions,
however, are not discussed in this paper.)

A matriz grammar (see [1]) is a quadruple, G = (V,T, M, S), where V is an
alphabet, T' C V, and S € V —T. M is a finite set of sequences of the form
(A — zy,..., Ay = x,), where A; € V — T and x; € V* for some n > 1; (4; —
x1,...,An — x,) is called a matriz, and its members are called productions. If
(A = z1,..., Ay > ) € M, 21, ..., 2y € V* for some n > 1, z; = ujAjv; and
zj+1 = ujz;v; for some u;,v; € V¥, 1 < j <n,then z =¢ z,11[(41 = 21,..., 4, —
xn)] in G or, simply, 21 = 2np41. Let =%, denote the reflexive-transitive closure of
=. The language of G, L(G), is defined as L(G) = {y: S =% y,y € T*}. A matrix
of the form (A — z1,..., A — x,) with n > 2 is called a multi-production matriz; a
matrix of the form (A — ) is a one-production matriz. Observe that the application
of any one-production matrix (A — ) is made in an ordinary context-free way; for
simplicity, instead of (A — x), we hereafter write A — x.

Let M and RE denote the families of matrix and recursively enumerable lan-
guages, respectively. Recall that M C RE (see Theorem 2.12 on page 129 in [8]).

3 MATRIX SIMPLE-SEMI-CONDITIONAL GRAMMARS
3.1 Definitions

A matriz simple-semi-conditional grammar (mssc-grammar for short) represents a
combination of simple-semi-conditional grammars (see [6]) and matrix grammars
(see [1]).

Formally, a mssc-grammar is a quadruple G = (V,T, M, S) where V,T and S
have the same meaning as in a matrix grammar and M is a finite set of sequences
of the form

((A1 — T, Qla Rl), RN (An — T, Qn, Rn>>,

where n > 1,4, € V —T,x; € V*,Q;, R € VT U {0} so that Q; = 0 or R; = 0 for
1 <7 < n. The Qs and Rs above are called the permitting and forbidding conditions,
respectively; 0 is a special symbol, 0 € V| meaning that a condition is missing. The
length of the longest condition represents the degree of G if all conditions are 0,
then G’s degree is zero. The sequences in M are called ssc-matrices, and they
are divided into one-production ssc-matrices and multi-production ssc-matrices by
analogy with ordinary matrices. For brevity we simplify ((A — X,0,0)) to A — =
hereafter. If m: (A1 — z1,Q1, R1), ..., (An = @, Qn, Ry)) € M, 21,...,2p41 € V*
for some n > 1,z; = ujA;v;, 2541 = ujzjv; for some uj,v; € V*,Q; € u;Ajv;
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or Q; = 0,R; & ujAjv; or R; = 0, for 1 < j < n, then 21 =4 z,11[((41 —
x1,Q1, R1), (A2, = 22,Q2, Ra), ..., (An = Zn, Qn, Ry))] or, simply, 21 = Zpi1; to
express 21 = Zn+1 @8 the n consecutive applications of the productions in matrix
m, write:
21 1-m~™>g 2 [m: (Al — I, Ql, Rl)]
2*m:>G z3 [m: (A2 —r Ta, QQ, Rz)]

nem=ag  Znt1 M (An = Ty, Qny Ry)).

Let =, denote the transitive and reflexive closure of =. The language of G, L(G),
is defined as L(G) = {y: S =&,y € T*}.

3.2 Matrix Simple-Semi-Conditional Grammars of Degree 3

Theorem 1. For every recursively enumerable language L, there exists a mssc-
grammar G’ of degree 3 satisfying the following conditions:

1. L=L(G).
2. @ contains only one multi-production matrix with no more than six productions;

all the other matrices are one-production matrices without any condition.

3. G’ contains no more than seven nonterminals.

Proof. Let L € RE. Without any loss of generality, we assume that L is generated
by a grammar G of the form G = (V,T,PU{ABC — ¢}, S) such that P contains
only context-free productions and V —T' = {S, A, B, C} (see [4]). Next, we define
the mssc-grammar G/ = (V',T, P, S), where V' = V U {4, B,C} (assume that
{A,B,CYNnW =), and P’ is constructed in the following way:

1.itH—saeP, HeV —T,a € V* then add (H — «,0,0) to P’;
2. add the following matrix to P: m:{(4 — Z,O,Z),(B — B,0,B), (C —
C,0,0),(A—¢e,ABC,0),(B — ¢,0,0), (C — €,0,0)}.

Next, we prove that L(G") = L(G).

Basic idea: Productions of matrix m simulates the application of ABC' — ¢ in
G’ as follows. First, one occurrence of A, B and C' are rewritten with A B and C
respectively. Then, we check that the marked letters form a subword ABC by the
fourth production of m. If so, G’ erases these three consecutive symbols; otherwise,
G' cannot complete this matrix.

Formal proof: To establish L(G) = L(G’) formally, we first prove the following
claim.

Claim 1. S =, o’ implies # 32’ <1 for each X € {A,B,C}, where 2’ € (V')*.
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Proof. By inspection of productions in P’, the only production that can generate
X is of the form (X — X,0,X). This production can be applied only when no X
occurs in the rewritten sentential form. Thus, it is impossible to derive 2’ from S
such that # a2’ > 2. |

Let g be a finite substitution from (V')* to V* defined as follows:

1. forall X e V:g(X) ={X};

2. g(4) = {4},

9(B) ={B, AB},
9(C) = {C, ABCY.

Claim 2. S =¢ z if and only if S =7, 2’ for some = € g(2), z € V*, 2’ € (V')".

Proof. The claim is proved by induction on the length of derivations.

Only if: We prove that
S =¢x implies S =¢ 7,

where m > 0, x € V*. This is established by induction on m.
Basis: Let m = 0. That is S =2 S. Clearly, S =2, S.

Induction Hypothesis: Suppose that the claim holds for all derivations of length m
or less, for some m > 0.

Induction Step: Let us consider S :>’C’}+1 z, v € V*. Since m+ 1 > 1, there is some

y€e VT and p € PU{ABC — ¢} such that S =% y =, z [p]. By the induction
hypothesis, there is a derivation S =¢, .
There are two cases that cover all possible forms of p:

(i) p=H >y € P, HeEV-T, yp € V*. Theny = y1 Hy; and = = y1y2y3, Y1, Y3 €
V*. Because (H — y2,0,0) € P/, we have S =%, y1Hys =4 yivays [(H —
Y2,0,0)] and y1yay; = .

(ii) p = ABC — . Then y = y1ABCy3 and = = y1y3, y1,y3 € V*. In this case,
there is the following derivation which uses matrix m:

S =& nABCys
1-m=>q y1/~1§0y3 [m: (
2-m=>q  Y1ABCys [m: (
s-m=>q Y1ABCys  [m:(C 0,0)
t—m=>qe wnBCys  [m:(A— e, ABC,0)]
s-m=>q Y103 [m: (
6—m=>q Y1Y3 [m: (
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If: By induction on n, we prove that
S =%, ' implies S =%z

for some z € g(2'), x € V*, 2’ € (V')*.
Basis: Let n = 0. That is, S =%, S. It is obvious that S =% S and S € g(95).

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less for some n > 0.

Induction Step: Consider a derivation S =2 2/, 2’ € (V')*. Since n+1 > 1, there
is some 3 € (V')* and p’ € P’ such that S =% ¢y =4 2’ [p/] and by the induction
hypothesis there is also a derivation S = y such that y € g(y/).

By inspection of P’ the following cases (i) through (xi) covers all possible forms

/

of p':

(i) p =(H = y2,0,00 e P/, HeV =T, yo € V*. Then ¢y = y1Hys, &' = y1y2v5,
Yy, ys € (V)* and y has the form y = y; Zys, where y1 € g(v}), vs € g(v5)
and Z € g(H). Because for all X € V — T such that ¢g(X) = {X}, the only
7 is H and thus y = y;Hys. By the definition of P’ (see (1)), there exists
a production p = H — ¥y, in P and we can construct the derivation S =,
y1Hys = y1y2ys [p] such that yiyays = z, v € g(2').

(ii) o = m:(A — A,0,A). Then ¢ = y,Ayl, « = Y| Ay, v}, v € (V')* and
y = y1Zys, where y1 € g(y1), ys € g(y3) and Z € g(A). Because g(A4) = {A}
the only Z is A, so we can express y = y; Ays. Having the derivation S =, y
such that y € g(y'), it is easy to see that also y € g(z) because A € g(A).

(iii) p =m: (B — B, 0, B). By analogy with (i), v = v, Bys, ' = yigyé, y = 11 Bys,
where y3,y5 € (V)" 51 € 9(y1), s € g(3); thus y € g(a') because B € g(B).

(iv) p' =m:(C = C,0,0). By analogy with (ii), 5/ = 1 Cy}, 2’ = yiCyfs, y = 11 Cys,
where ¥}, y4 € (V)" y1 € g(v1), ys € g(y34); thus y € g(z’) because C € g(C).

(v) p =m: (][ — €, Zéé 0). By the permitting condition of this production string
ABC surely occurs in y By Claim 1 no more than one A oceurs in 1y, Therefore,
y’ must be of form y = ylABC'y3, where y},y4 € (V)* and A ¢ sub(y;y5)-
Then 2’ = leCy3 and y is of the form y = y1 Zys, where y1 € g(v1),ys € 9(y3)
and Z € g(BC). Because g(BC) = {BC, ABC, BABC, ABABCY} we obtain
y = y1ABCys. By the induction hypothesis we have a derivation S =, y such
that y € g(y ) According to definition of g, y € g(z') as well because AB € g(é)
and C € g(C).

(vi) p' = m:(B — £,0,0). By the definition of mssc-grammar and Claim 1, the
only sentential form in which we can use this production is that G’ obtains from
the previous sentential form. That means y' = y’lg(jyg, where y1,y3 € (V')*
and B ¢ sub(yjy;). Then 2/ = yiéy3 and y is of the form y = y; Zy3, where
y1 € 9(¥h),ys € g(yh) and Z € g(C~') Because g(C' ) = {C, ABC}, we obtain
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y = 11ABCys;. By the induction hypothesis, we have a derivation S =¢ y
such that y € ¢(y’). According to definition of g, y € g(z') as well because
ABC € g(O).

(vii) p' = m: (C — £,0,0). Then, y = y,Cy4 and 2’ = 1y}, where ¥}, 1} € (V).
Express y = y1Zys so that y1 € g(1/}),ys € g(y) and Z € g(C), where g(C) =
{C,ABC}. Let Z = ABC'. Then, y = y; ABCYys3 and there exists the derivation
S =5 11 ABCys = 11ys|ABC — ¢], where y1y3 = z,x € g(a').

We have completed the proof and established Claim 2 by the principle of induc-
tion. O

Observe that L(G) = L(G') follows from Claim 2. Indeed, according to the
definition of g, we have g(a) = {a} for all @ € T". Thus, from Claim 2, we have for
any x € T™:

S = if and only if S =7 .

Consequently L(G) = L(G"), so the first part of the theorem holds.

The rest of the theorem follows from the construction of G'. O

3.3 Matrix Simple-Semi-Conditional Grammars of Degree 2

Theorem 2. For every recursively enumerable language L, there exists a mssc-
grammar G’ of degree two satisfying the following conditions:

1. L=L(G).
2. G’ contains only two multi-production matrices with no more than four pro-

ductions in them; the other matrices are one-production matrices without any
condition.

3. G’ contains no more than six nonterminals.

Proof. Let L be a recursively enumerable language. From [4], we can assume that
L is generated by a grammar G of the form

G=(V,T,PU{AB — ¢,CC — ¢}, 5)
such that P contains only context-free productions and
V-T={S A B,C}
We construct an mssc-grammar G’ as follows:

G =(V',T,P,S), where
V= VU,
W={X,Y} vaw =0

The set of productions P’ is defined in the following way:
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1.itH—sa€eP, HeV —T, a € V* then add (H — «,0,0) to P’;
2. add the following matrices to P’

mi:{ (A= X,0,X), my{ (C—X,0,X),
(B—Y,0,Y), (C—Y,0,Y),
(X =, XY,0), (X =, XY,0),
(Y —¢,0,0)} (Y = £,0,0)}.

Next we prove that L(G') = L(G).

Basic idea: Notice that G’ contains only two matrices, m; and msy, with three
conditional productions and one context-free production. These matrices simulate
the application of AB — ¢ and CC — ¢ as follows. Consider m;. First, one
occurrence of A and one occurrence of B are rewritten with X and Y, respectively.
Then, m; checks whether the marked letters form a substring XY If so, G’ erases
these consecutive symbols; otherwise, G’ cannot complete this matrix. CC' — ¢ is
simulated in a similar way by using the other matrix.

Formal proof: To establish L(G) = L(G’) formally, we first prove the following
claim.

Claim 3. S =, 2’ implies #52' < 1 for each Q € {X,Y}, where 2/ € (V')

Proof. By inspection of productions in P’, the only production that can generate
Q is of the form (Q — @,0,Q). This production can be applied only when no @
occurs in the rewritten sentential form. Thus, it is impossible to derive z’ from S
such that #@x’ > 2. |

Let g be a finite substitution from (V’)* to V* defined as follows:

1. forall X € V: g(X) = {X};

2. g(X) ={A,C},

gY)={B,AB,C,CC}.
Claim 4. S = z if and only if S =¥, 2/ for some x € g(2'), z € V*, 2’ € (V')*.

Proof. This claim is proved by induction on the length of derivations.

Only if: We prove that
S =@ implies S={

where m > 0, x € V*. This is established by induction on m.
Basis: Let m = 0. That is S =2 S. Clearly, S =2, S.
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Induction Hypothesis: Suppose that the claim holds for all derivations of length m
or less for some m > 0.

Induction Step: Let us consider a derivation S :g“ x, € V* Sincem+1>1,
there is some y € VT and p € PU{AB — ¢,CC — ¢} such that S =% y =, z [p].
By the induction hypothesis there is a derivation S =, y.

There are three cases that cover all possible forms of the production p:

(i) p=H >y €P, HEV-T, yp € V*. Theny = y1 Hy; and = = y1y2y3, Y1, Y3 €
V*. Because we have (H — y,0,0) € P', S =%, y1Hys =4 yivays [(H —
Y2,0,0)] and y1y0y3 = .

(ii) p= AB — &. Then y = y1 ABy3 and = = y1y3, y1,ys € V*. In this case there is
the following derivation which uses matrix m:

S =& hABys
-m = Y1XBys
m = N XYys
3em =g Y1YY3
d—mi =~ Y3

(iii) p=CC — e. Then y = 11 CCys and = = y1y3, y1,y3 € V*. In this case there is
the following derivation which uses matrix m:

S =& nCCys L
me = Y1 XCys  [ma: (C— X0, X))
rm=e N XYys [me(C—Y,0,Y)]
eme=a V1YY [ma: (X — €, XY, 0)]
4-my = Y1y [ma: (Y — €,0,0)]

If: By induction on n > 0, we prove that
S =%, 2" implies S =%z

for some z € g(2), x € V*, 2’ € (V)"
Basis: Let n = 0. That is, S =2, S. It is obvious that S =% S and S € ¢(9).

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation S é’gjl 2, ¢' € (V')*. Since n+1 > 1, there
is some y' € (V')* and p’ € P’ such that S =7, y' =, 2’ [p/] and by the induction
hypothesis there is also a derivation S = y such that y € g(y/).

By inspection of P’ the following cases (i) through (xi) cover all possible forms

/

of p':
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(i) p=(H = 42,0,0) € P', HeV =T, ys € V*. Then ¢ = yiHy}, 2’ = yiy21h,
Y1, y5 € (V)* and y has the form y = y1 Zy3, where y1 € g(v}), vs € g(y4) and
7 € g(H). Because for all X € V — T such that g(X) = {X}, the only Z is H
and thus y = y; Hys. By the definition of P’ (see (1)) there exists a production
p = H — y, in P and we can construct the derivation S =}, y1Hys =4
Y1923 [p] such that y1yeys = x, x € g(2').

(i) p = m: (A — )?,0,)?). Then ¢y = yAys, o’ = yi)?yg, y1,ys € (V)* and
y = 11 Zys, where y1 € g(v1), ys € g(v4) and Z € g(A). Because g(A) = {A}
the only Z is A, so we can express y = y; Ays. Having the derivation ~S =LY
such that y € g(y') it is easy to see that also y € g(z') because A € g(X).

(iii) p' = m1: (B — Y,0,Y). By analogy with (ii), v/ = Yy, By, @ = y'lf/yg, y =
y1Bys, where ¢}, y4 € (V')*, y1 € 9(¥}), ys € g(y4) and thus y € g(z') because
BegY).

(iv) p =my: ()~( — €, XY ,0). By the permitting condition of this production string
XY surely occurs in y By Claim 3 no more than one X occurs in 3. Therefore,
y must be of form ¢y’ = leng, where v, y5 € (V')* and X ¢ sub(y;y3). Then

= leyg and y is of the form y = y1Zy;, where y1 € g(v1),ys € g(y3)
and Z € g(Y). Because g(Y) = {B, AB,C,CC} we obtain y = 3, ABys. By
the induction hypothesis we have a derlvmtlon S =% y such that y € g(v).
According to definition of g, y € g(a’) as well because AB € g(}~/)

(v) p' = mi: (Y — £,0,0). Then, v/ = 4,Yy, and 2/ = vy}, where yi.y3 € (V')
Express y = y1Zys so that vy € g(y)),ys € g(ys) and Z € g(Y), where
g(}~/) = {B,AB,C,CC}. Let Z = AB. Then, y = y;ABys; and there exists
the derivation S =% y1 ABys = 11ys[AB — €], where y1y3 = x,x € g(a’).

(vi) p' = ma: (C — )N(,O,)Z'). By analogy with (ii), ¥ = y1Cv4, o/ = y’l)N(yg, y =
y1Cys3, where y1,y5 € (V)" y1 € g(y1), ys € g(y3) and thus y € g(a2') because
C e g(X).

(vii) p' = ma: (C — 37,0,}7). By analogy with (ii), ¢ = y|Cy;, o’ = y;?yg, y =
y1Cys, where y1,y5 € (V)*, y1 € g(y}), ys € g(y4) and thus y € g(z') because
Cegy).

(viii) p' =ma: (X — €, XY,0). By the permitting condition of this production string
XY surely occurs in y By Claim 3 no more than one X occurs in 3. Therefore,
y' must be of form y' = 1| XYy}, where v/}, 4 € (V')* and X ¢ sub(y/}1/4). Then

= y|Yy, and y is of the form y = y1Zy;, where y1 € g(v}),ys € g(y3)

and Z € g(Y). Because g(Y) = {B, AB,C,CC} we obtain y = y;CCys. By
the induction hypothesis we have a derlvmtlon S =% y such Ehat y € g(y).

According to definition of g, y € g(a') as well because CC € g(Y').
(ix) P/ = ma: (Y — £,0,0). Then, i = yif/yg and 2’ = y1y4, where yi,v4 € (V)™
Express y = y1Zys so that y1 € ¢(v}),ys € g(v) and Z € ¢(Y), where
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g(lN/) = {B,AB,C,CC}. Let Z = CC. Then, y = y1CCys and there exists
the derivation S =% y1CCys = 11y3[CC — €], where y1y3 =z, € g(a').

We have completed the proof and established Claim 4 by the principle of induc-
tion. O

Observe that L(G) = L(G') follows from Claim 4. Indeed, according to the
definition of g, we have g(a) = {a} for all @ € T". Thus, from Claim 4, we have for
each x € T™:

S = if and only if S =7 .

Consequently, L(G) = L(G"). The rest of this theorem follows from the construction
of G 0

4 SIMPLE-SEMI-CONDITIONAL MATRIX GRAMMARS
4.1 Definitions

A simple-semi-conditional matriz grammar (sscm-grammar for short) is another
combination of matrix grammars (see [1]) and simple-semi-conditional grammars
(see [6]).

A sscm-grammar is a quadruple G = (V, T, P, S), where V| T, and S are defined
as in Section 2. P is a finite set of matrices with context conditions of the form

(((A1 — :01), cey (An — JZ'»,J),Q,R)

wheren > 1, A; — x is a context-free production and @, R € V*U{0}, (0 means that
condition is missing, 0 ¢ V). According to the matrix of the above form, G makes
a derivation step u = v, where u,v € V* if Q € alph(y1Ays), R & alph(y1Ays),
and u directly derives v according to Ay — z1,..., A, — =, in an ordinary matrix-
grammar way (see Section 3). The language of G, L(G), is defined as usual. The
length of the longest condition in G represents the degree of G.

A matrix of the form ((A — z),0,0) is simplified to A — x hereafter.

4.2 Simple-Semi-Conditional Matrix Grammars of Degree 3
Theorem 3. Every recursively enumerable language, L, can be defined by sscm-
grammar G’ satisfying the following conditions:

1. L=L(G)
2. G’ contains no more than two matrices with context conditions

3. G’ contains no more than seven nonterminals.

Proof. Let L be a recursively enumerable language. From [4], we can assume that
L is generated by a grammar G of the form

G = (V,T,PU{ABC — ¢},5)
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such that P contains only context-free productions and

V-T={SAB,C}.
We construct an ssem-grammar G’ as follows:

G'=(V',T,P,S)

Vi=VUW
W ={A, B,C}
VNW =0.

The set of productions, P’, is defined in the following way:
1.iftH saeP, HeV —T, a € V* then add ((H — «),0,0) to P';
2. add the following matrices to P’

my: ({(A— A), (B — B),(C = O)},0, A),
ma: ({(A = ¢), (B —¢),(C —¢)}, ABC,0).

Next we prove that L(G') = L(G).

Basic idea: Matrices m; and m, simulate the application of ABC' — ¢ in G’ as
follows. First, A, B and C are rewritten with A, B and C, respectively. Then, G’
checks whether the marked letters form a substring ABC. If so, G’ erases these
consecutive symbols by mes; otherwise, G’ cannot complete this matrix.

Formal proof: To establish L(G) = L(G’) formally, we first prove the following
claim.

Claim 5. S =§, o/ implies #z2' < 1 forall 7 € {Z, B, 6}, where 2’ € (V')*.

Proof. By inspection of productions in P, the only way of generating 7 is by using
my. This matrix can be applied only when no A occurs in the rewritten sentential
form. Because the only way of rewriting Zs is by using ms, it is impossible to derive
2’ from S such that #z2' > 2. |

Let g be a finite substitution from (V')* to V* defined as follows:

1. forall X € V: g(X) = {X};

2. g(A) = {A},
9(B) = {B},
9(C) ={C}

Claim 6. S =¢ z if and only if S =%, 2’ for some = € g(2), z € V*, 2’ € (V)"
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Proof. The claim is proved by induction on the length of derivations.

Only if: We prove that
S =@z implies S ={

where m > 0, x € V*. This is established by induction on m.
Basis: Let m = 0. That is S = S. Clearly, S =2, S.

Induction Hypothesis: Suppose that the claim holds for all derivations of length m
or less, for some m > 0.

Induction Step: Let us consider a derivation S :g“ x, € V* Sincem+1>1,
there is some y € V1 and p € PU{ABC — ¢} such that S =% y =, = [p]. By the
induction hypothesis, there is a derivation S =¢, .

There are two cases that cover all possible forms of production p:

(i) p=H —>y€ P, HEV-T, yo € V*. Theny = y; Hys and = = y192Y3, Y1, Y3 €
V*. Because we have (H — y,0,0) € P', S =%, y1Hys =4 yivays [(H —
y2,0,0)] and y1y0y3 = .

(ii) p = ABC — . Then y = y1ABCy3 and = = y1y3, y1,ys € V*. In this case,
there is the following derivation that uses matrix m:

S =& nABCys
= pABCys  [my: ({(A— A), (B — B), (C = C)},0, 4)]
= Y1Y3 [ma: ({(A—¢),(B—¢),(C—e)}, ABC,0)].

If: By induction on n > 0, we prove that
S =%, 2" implies S =¢x

for some z € g(2), x € V*, 2’ € (V')*.
Basis: Let n = 0. That is, S =2, S. It is obvious that S = S and S € ¢(9).

Induction Hypothesis: Assume that the claim holds for all derivations of length n
or less, for some n > 0.

Induction Step: Consider a derivation S =" 2/, 2’ € (V')*. Since n+1 > 1, there
is some y' € (V')* and p/ € P’ such that S =%, v = 2’ [p/] and, by the induction
hypothesis, there is also a derivation S = y such that y € g(y').
By inspection of P’, the following cases (i) through (v) cover all possible forms
of p:
() p'=(H = 12,0,00 € P, HEV =T, y, € V*. Then y = yi Hys, ' = v/,
Y1, y5 € (V)* and y has the form y = y;1 Zys3, where y1 € g(v}), vs € g(v5) and
Z € g(H). Because for all X € V — T such that g(X) = {X}, the only Z is H
and thus y = y; Hys. By the definition of P’ (see (1)), there exists a production
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p = H — y, in P, and we can construct the derivation S =¢ y1Hys =4
Y1y2ys [p] such that yiyays = @, x € g(a’).

P =mi:({(A = A), (B — B),(C = ()},0,A). Next, we examine each pro-
duction contained in this matrix.

—
—-
=

Nz

(a) p' = (A — A) Then y' = y; Ays, @' = yiAys, vi, 5 € (V)" and y = 41 Zys,
where y1 € g(v1), ys € g(y3) and Z € g(A). Because g(A) = {A} the only Z
is A, so we can express y = y; Ays. Having the derivation S =, y such that
y € g(y') it is easy to see that also y € g(a’) because A € g(ﬁ)

(b) p = (B — B) By analogy with (a), v = y;Byj, @/ = yigyg, y = y1Bys,
where yi, 95 € (V)*, y1 € g(v1), ys € g(v4) and thus y € g(a’) because
B € g(B).

(¢) P = (C — C). By analogy with (a), ¥’ = 410y, @’ = 4 Cys, y = y:Cys,
where yi, 5 € (V))*, y1 € g(v1), ys € g(y4) and thus y € g(a') because
C e g(0).

(i) p' = mu: ({(A =€), (B — ¢),(C — ¢)}, ABC,0). By the permitting condition
of this production string ABC surely occurs in 3. By Claim 5 no more than one
A, B and C occurs in y'. Therefore, 3y’ must be of form ¢y’ = ygﬁééyg, where
vy € (V) and A, B,C & sub(yy4). Then 2/ = yy; and y is of the form
y = y1ys, where y; € g(y;) and y3 € g(v4). By the induction hypothesis we have
a derivation S =7, y such that y € g(y'). According to definition of g, y € g(z')
as well because A € g(A) Beg(B B) and C € g(C)

We have completed the proof and established Claim 6 by the principle of induc-
tion. O

Observe that L(G) = L(G") follows from Claim 6. Indeed, according to the
definition of g, we have g(a) = {a} for all @ € T". Thus, from Claim 6, we have for
each z € T™:

S = if and only if S =7 .

Consequently, L(G) = L(G’). The rest of this theorem follows directly from the
construction of G. O

5 SUMMARY

This paper proves that family RE is characterized by these grammars:
1. seven-nonterminal mssc-grammar of degree three with only 1 multi-production
matrix;

2. seven-nonterminal mssc-grammar of degree two with only 2 multi-production
matrices;
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3. seven-nonterminal sscm-grammar of degree three with only 2 multi-production

matrices.

In all these cases, we thus obtain the characterization of RE based on reduced

ssc-versions of matrix grammars. These results are of some interest because ordinary
matrix grammars do not characterize RE even if they are not reduced at all as
already stated in Section 1.
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