Computing and Informatics, Vol. 27, 2008, 497-513

HIERARCHICAL CLUSTERING
WITH MEMBRANE COMPUTING

Ménica CARDONA, M. Angels COLOMER, Alba ZARAGOZA

Department of Mathematics

University of Lleida

Awv. Alcalde Rovira Roure, 191. 25198 Lleida, Spain
e-mail: {colomer, alba, mcardona}@matematica.udl.es

Mario J. PEREZ-JIMENEZ

Research Group on Matural Computing

Department of Computer Science and Artificial Intelligence
University of Sevilla

Awvda. Reina Mercedes s/n, 41012 Sevilla, Spain

e-mail: marper@us. es

Revised manuscript received 3 December 2007

Abstract. In this paper we approach the problem of hierarchical clustering through
membrane computing. A specific P system with external output is designed for each
Boolean matrix associated with a finite set of individuals. The computation of the
system allows us to obtain one of the possible classifications in a non-deterministic
way. The amount of resources required in the construction is polynomial in the
number of individuals and of characteristics analyzed.

Keywords: P systems, hierarchical clustering

1 INTRODUCTION

Many scientific investigations depend on many factors and this makes such inves-
tigations very complex. In order to simplify the problems and make them more
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tractable it is necessary to group individuals with similar characteristics. The indi-
viduals are characterized by a high number of properties so the clustering according
to their degree of similarity is not a simple task.

There are different methods of ranking the groups of individuals. We mention
two types only here, the non-hierarchical and the hierarchical clustering. In non-
hierarchical clustering homogenous groups are formed without establishing relations
among them; in hierarchical clustering the individuals are grouped in levels. The
inferior levels are contained in the superior levels. Hierarchical clustering is mostly
used and it is dealt with in this paper.

Hierarchical clustering refers to the formation of a recursive clustering of the
individuals by means of the partitions Py, Py, ..., P, of the set of N individuals
with 1 < m < N — 1. The partition P, consists of N groups, each one of them
formed by a single individual. The groups that form this partition join progressively
until arriving at the last partition, P,,, that consists of a single group formed by
all the individuals. In each step two most similar groups are joined according to
a previously established criterion.

Researchers use clustering to characterize and to order a vast amount of informa-
tion about variability of population of individuals. These populations are grouped
in more or less homogenous clusters based on their properties. This methodology
has been applied in fields as diverse as medicine, biology, classification of words and
of fingerprints, artificial intelligence, etc. Recently clustering has been applied to
the classification of musical genre [13], to predict essential hypertension [12], in the
classification of material planning and control systems [9], of the ocean color [1], of
the plants gens [14].

The different groups obtained by means of the classification are characterized
by different levels of the measured variables. These values allow us to give common
properties of the individuals belonging to the same group. The fact of having es-
tablished groups allows us to identify the most similar cluster of a new individual.
The characteristics measured of the individuals can be qualitative or quantitative
variables. In most cases we are only interested in the presence or absence of certain
qualitative characteristics. Thus, in this paper we consider the hierarchical clustering
using dichotomizing variables, and this problem is approached within the framework
of cellular computing with membranes. This approach is interesting because it al-
lows us to treat some statistical topics within this new model of computation. The
amount of used resources is polynomial in the number of individuals and the number
of characteristics analyzed.

In the following, we assume that the reader is familiar with the basic notions of
membrane computing; for details, refer to [6, 7, 8, 15].

2 HIERARCHICAL CLUSTERING

In order to obtain a hierarchical clustering we firstly need a set of individuals or
observations.
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Definition 1. A k-set over a metric space (E,d), with d(E x E) C N is a subset
of E*.

The elements of a finite k-set, Q@ = {wi,...,wn}, are called individuals. The
components of the individual w; (called characteristics or variables) is denoted by
Wit, - - -, wig- Thus, the set of the individuals can be represented by the matrix
Pyi = (wijh<isvis<j<k-

The objective of clustering is to gather the individuals in similar groups whose
members are all close to each other with various dimensions being measured. It
will be necessary to establish criteria in order to measure the similarity between
individuals and between groups. Obviously, the clustering that is obtained will
depend on the similarity function that is chosen [10].

Definition 2. A similarity over a finite k—set, Q = {w1,...,wy}, is a function s of
Q x Q in RT that verifies
e s is symmetric, that is V(w;,w;) € 2 x Q:  s(w;,wj) = s(wj, w;)
o Yw,w; € Qwithi#£j:  s(w,w;) = s(wy,w;) > s(wi, wy).
In this paper we work with dichotomizing variables; their values are denoted

by 0 and 1. One of the similarities most used for dichotomizing variables is that
proposed by Sokal and Michener [2] and it is defined by:

k
Z(l — |wir —wjy]), for each (w;,w;) € x €L (1)

r=1

| =

' (wi,wj) =

In this paper the similarity that we use is a modification of the previous one. It
represents the number of coincidences in the number of total characteristics and it
is defined as follows:

k
s(wi, wj) = Z(l — |wir — wjr|), for each (w;,w;) € x €L (2)

r=1

We use this similarity because it is easier to implement with P systems and
the result obtained is the same as those obtained with the similarity of Sokal and
Michener.

In the case of the hierarchical clustering the groupings follow a hierarchy formed
by partitions Py, P, ..., P, that are called clusterings, and verify

PBRCPCPRhRC...CPHE,

with 1 < m < N — 1. The sets that belong to the partitions are called clusters.
The clusterings are constructed in a recursive manner. F, is formed by as many
clusters as individuals. The following partitions are obtained by joining the two
closest clusters belonging in the previous one. This process is done until we obtain
a partition, P,, with a single set formed by all the individuals.
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Next we define the necessary mathematical concepts in the hierarchical cluster-
ing [11].

Definition 3. Let Q = {w1,...,wn} the k-set of N individuals. A subset H of the
power set P(), is a hierarchy over  if it verifies:

e Qe H

o {wheH (Vwe)

o If hNnh #0 = hZhorh Ch (VYh,h € H)
o U{W | W e€H, ICh}e{h0 (VheH).

The elements of H are called clusters. If hy,..., h, € H with Q = hyU...Uh,, then
the set {h1,...,h,} is a clustering.

In order to construct a hierarchy it is necessary to have a similarity between
individuals and another function that measures the similarity between clusters. The
second function is called the aggregation index.

Definition 4. A symmetrical and nonnegative application ¢ from P(Q) x P(Q)
to R is called an aggregation index between clusters if:

e )(hy,hy) > 0, for each hy, hy € P(R).
° (5(}7,1, hg) = (S(hz, hl), for each hl, hy € P(Q)

There are several aggregation indices [4] that depend on the similarity s chosen.
In this paper we use the aggregation index based on the minimum [5], defined by:

(S(hl,hz) = min{s(wi,wj) | w; € hl, wj € hz} (3)

A hierarchy has associated an index that measures the homogeneity degree between
the individuals belonging to the same cluster, and it is called hierarchical index.
This index is always obtained by means of the aggregation index. In this paper
we define the hierarchical index of a new cluster h obtained from the union of two
clusters h = hy U hy, by means of f(h) = 0(hq, h2).

2.1 An Algorithm for the Construction of a Hierarchy

The algorithms that are used to obtain a hierarchy have the same structure, the
only differences are the way to compute the similarities between individuals and the
aggregation index between clusters [3].

In this paper we consider an algorithm whose input is a finite k-set €2, the
similarity s, and the aggregation index §. The output is an indexed hierarchy (H, f).

1. Place each individual of € in its own cluster (singleton), creating the list of
clusters L = Py = {S1 = {w1},5 = {ws2},...,Sv = {wy}}. In this moment
(5(Si, Sj) = s(wi,wj), and f(SL) =k (1 <1 <j < N)
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2. Find the two closest clusters S;, S; (1 <i < j < N), which will form a new class
S; = S5;US;.

3. Remove S; from L.

4. Compute the aggregation index between all the pair of clusters in L by using
equation (3).

5. Go to step 2 until there is only one set remaining.

Remark 1. If at step 2 there are more than one possibility, then one of them is
chosen at random. So, the hierarchy obtained is not unique.

3 HIERARCHICAL CLUSTERING BY MEANS
OF MEMBRANE COMPUTING

3.1 Designing a P System

The goal of this paper is to obtain one hierarchical clustering of a finite k-set 2, of N
different individuals by using P systems. Each individual w; € 2 C {0, 1}k is denoted
by w; = (wi1, Wiz, - - ., wix), and we consider the similarity between individuals defined

by (2).
Let Pyi = (wij)1<i<n1<j<k be the matrix associated with the N individuals to
classify. We define the P system of degree N with external output,

H(Pni) = (D(Pwk), t(Pyi), M1, Ma, ..., M1, M, R, p)
associated with the matrix Py, as follows:
o Working alphabet:

I'(Pwi) = {ejs,djs: 1<j<N,1<s<k} U{asbs: 1<s<k}U
{Oéz‘jt,Xz‘jtl 1§Z<]§N, 1§t§k—1} U{’}/L 1§Z§N}U
fe: 0<i<3k—2} U{n: 0<i<(N-1)Bk—-1)}U{t}

e Membrane structure: pu(Pyg) =[nv 11 2]z -+ [v=1 ]v-1 N

e Initial multisets:
M= LoV 1< g<k A 1§i§N—1} U
pN=DO—wia) . < g < A1 gigN—1} U

e 1<s<k Ni<j<N} U

{dﬁ*“’fs): 1<s<k A z'gjgN}; 1<i<N-1

My = {7, €0, 10} ;
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e The set R consists of the following rules:

— Rules in the skin membrane:

Ty = {Eo—)elﬁo}U{Ei—>6H1:1§i§3k_2Ai7ék}U
{m =i :0<i<(N-1)3k—1)—1}

re= ABu1SH Y S ayaew 1SI<j<N} 1<u<k—1

7’,/”: {ﬁuflﬁﬂu} 1§U§k'—]_

1= {nw-nee-y — (& oz;t)}

= A = a1 X v (Xijr,out) - 2< g < N,
1<i<j<N,1<t<k-1}

7";@- = {Gk — 6k+1}

Th+1 = {XijtSiijp—)GipXiﬁi 1§Z<j<p§N, 1§t§k—1}u
{XiﬁSL‘pSpj—)GL‘pXiﬁi 1§Z<p<]§N, 1§t§k—1}u
{XmSmSm—)Cme 1§p<’t<jSN, 1St§k‘—1}

Thio = {thsm—)X”f1SZ<p<]SN,1StS]€—1}U
{XijtSjp—)XijtZ 1§Z<j<p§N, 1§t§k—1}u
{XL]tSpL%Xth 1§p<l<]§N, ].Sték‘—].}U
{XijtSpj—)XijtZ 1§p<l<j§N, 1§t§k—1}u

Tk+3 = {CZ]—>S7] 1SZ<]SN}U
{égklegjzzﬁq,l%Elﬁo’yq,ll 1§Z<]§N, 1§t§k‘—1}

Tz = {€r—1 — €1}

— Rules in the membrane labelled by i {1 <i < N —1}:
Tira = {asejs — (Sij,out) : 1<s<k i+1<j<N}
Thts = {bsdjs = (Sij,out) : 1<s<k, i+1<j<N}

e The partial order relation p over R consists of the following:

— Priority relation in the membrane labelled by ¢ (1<i< N —1): p; =10
— Priority relation in the skin membrane:

PN = 7"1>r’1>7"2>r'2>...>rk,1>r§€,1}u{rk>r§€}u
Thal > Thyo > Thyg > r§c+3}.

3.2 An Overview of Computations

At the beginning of a computation the membrane labelled by i (1 < i < N —1)
contains the objects as, bs, €5, djs (1 < s < kandi+1 < j < N). In this
membrane the presence or absence of the objects as,bs (or ejs,d;s) encodes the
values (0/1) of the individual w; (or components of the individuals w;).

Initially, the skin membrane contains the objects vy, €y and 1. The evolution
of the object vy allows us to know the number of clusters in all configurations of the
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P system: when the object ; appears, then the individuals are grouped in i clusters.
We use the object € in order to synchronize the loop in 3k — 1 steps, and this allows
us to join two clusters with maximum similarity. The object 7y is a counter used to
stop the P system in the configuration (3k — 1)(N — 1) sending the object f to the
environment .

In the initial configuration the only rules that can be applied in membrane ¢
(1 <i < N —1) are the rules of the type rjyt4, 7p45 that send the objects S;;(1 <
i < j < N) to the skin membrane. The multiplicity of these objects allows us to
know the similarity between individuals of the set €2. In the skin membrane, the
rule ro produces the objects €1, [o.

After this configuration the computation of the P system is structured into loops
with 3k — 1 steps, each one formed by two stages. The first one takes k steps and it
begins with the object 8. In these steps the object \S;; with maximum multiplicity, ¢,
is selected. In the k-th step of the loop the rule ry creates the objects X;;; in the skin
membrane and sends a copy to the environment, and the object ~, is transformed
in the object 7,1, encoding the fact that two clusters have been joined.

The second stage lasts 2k — 1 steps. In the skin membrane there are the objects
X;j» meaning that a new cluster labelled by ¢ is constructed by the union of the
previous clusters ¢, 7. The rules 71, Tk+2, Tk+3 compute the similarities between new
cluster ¢ and the other clusters, and this information is encoded by the multiplicity
of the objects S, (1 <p <N, p #1i).

In the (3k — 1)-th step of the loop, the rule 7443 transforms the object ezx_1
in By and €; that allow us to go to the top of the loop.

The first partition consist of N singletons, and in each loop two clusters are
joined. So, N —1 loops are necessary to obtain the last partition (a cluster containing
all N individuals). For that, the loop is repeated N — 1 times and the rule r}_ is
applied in the last step of any computation.

3.3 Formal Verification

In this section we show that the P system II(Pyy) is non-deterministic, and any
computation we will provide a solution of the clustering problem.
First of all, let us list the necessary resources to construct the P system IT( Pyg)

from the matrix Pyy.

e Size of the alphabet: O(N? - k).

e Sum of the sizes of initial multisets: O(N - k).

e Maximum of rules’ lengths: ©(N).

e Number of rules: O(k - N3).

e Number of priority relations: ©(k* - N°).

e Cost of time: O(N - k).
Bearing in mind the recursive description of the rules and that the amount of re-
sources is polynomial in N, k, it is possible to construct the system II(Pyg) from
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the matrix Pyj by means of a deterministic Turing machine working in polynomial
time.

Given a computation C of the P system II(Pyy), for each p € N we denote by C,
the configuration of the P system obtained after the execution of p steps. For each
membrane [ € {1,2,..., N}, we denote by C,(!) the multiset of objects contained in
the membrane labelled by [ in C,,.

In what follows, C will denote an arbitrary computation of the P system IT( Pyy).

First, we show that in the configuration C;, the multiplicity of the object S;;
(1 <4< j < N) represents the similarity between the individuals w; and w;.

Proposition 1. For every i,7,t (1 < i < j < N, 1 <t < k—1), we denote
#) = max {t: S € C;(N)}. Then, t{)) = S*_ (1— | wiy — wys |)-

s=1

Proof. For every i (1 <i < N — 1) we have:

Coli) = {agN*i)wis’ ngfi)(lfwis), e;)sjs’ d§i*w1s)| i << N,wy€ {0, 1}} .
Then, the only rules that can be applied are 7414 and rry5. The rule ry4q4 (or
Tr45) is only possible to apply when the component s of the individuals w; and w;
is equal to 1 (or to 0).
Whenever one of these rules is applied, the object S;; is sent to the skin mem-
brane. Then, the multiplicity of the objects S;; in C;(/N) will coincide with the

number of equal components between the individuals w; and w;. That is, tﬁﬁ =
k
2os1 (1= | wis — wjs ). O

From now on, we denote by tz(;) = max {t : Sfj c CH(n,l)(gk,l)(N)} the maxi-

mum multiplicity of the objects \S;; in the first step of the n-th loop of the compu-
tation.

Proposition 2. For each n (0 <n < N — 2), we have:

a) By € Cl+n(3k71)(N)~
b) If 1 <j <3k —1, then € € C1+n(3k,1)+(j,1>(N>.

Proof. We prove this proposition by induction on n.

e As ¢y € Co(N) we can apply one of the rules ry producing the objects €, 5y €
Ci(N). In the following k — 1 steps the rules ro will be applied producing
the object e, € Cx(N). If @i, vy € Ci(N), then the rule ry, (or the rule 77,)
will be applied. In both cases we obtain that €1 € Crr1(IV). In successive
configurations the rule r¢ transforms the objects ¢; € C;(N), (k+1 < j < 3k—2)
until we obtain the object esx_1 € Csp_1(V).

e Let us suppose the hypothesis holds for 0 < n < N — 2. Then, €31 €
Crin(3e-1)+@k-1-1)(N) = Clnt1)sk—1)(IN). If there is some object X;j; in that
configuration, then the rules from r, 3 will be applied, and in the opposite case,
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the rule r;_ 4 will be applied. In both cases the object €31 is transformed
in e, By € Cipmey@r—1)(INV). Applying £ — 1 times the rules from ro we ob-
tain that €; € Cl+(n+1)(3k—1)+(j—1)(N> (1<j<k) In Cl+(n+1)(3k71)+(k71)(N)
the object € produces €11 € Ciy(ny1)(3k—1)+£(N) by means of one rule from
r, or ri,. Then, applying the rules from ry successively we obtain that ¢; €
Crotnrn@e—n+G-n(N) (k+1<j <3k —1). O

Corollary 1. The objects X;;; only can be sent to the environment at the moments
1+nBk—1)4+k (0<n<N-2).

Proof. The rule r is the only one that sends objects X;;; to the environment, and
from Proposition 2 we have €, € Ciynsk-1)+5-1(N) (0<n < N —2). O

Corollary 2. There exists n (0 <n < N — 2) and there are objects X;j; such that
Xijt € Ciin@i—1)+k(N).

Proposition 3. The configuration Cy_1)@k—1) sends the halting object § to the
environment.

Proof. Applying (N — 1)(3k — 1) times the rules from rq, the object ny € Co(N)
produces Nnv_1y@r—1) € Cv—1)@3k—1)(IN). In this configuration the rule r;_, sends
the halting object f to the environment.

Next, we show that it is only possible to modify the environment in the k™ step
of the loop.

Corollary 3. For every n (0 <n < N — 2) the following assertions hold:
a) For every r, (14+n(3k—1) <r <1+n(3k—1)+ k) we have:

C,(env) = Cryp(zk—1)(env).
b) For every r, (1+n(Bk—1)+k <r <1+n(3k—1)+ 3k —1) we have:
C,(env) = Cipn@r—1)+k(env).

Proof. The rule 7, is the only one sending objects to the environment before the
halting configuration. From Corollary 1 we have X;j; € Cyyn(3k—1)+(env). Thus, for
every 7 (14+n(3k —1) <r <1+n(3k—1)+ k) we have C,(env) = Ci1pnr—1)(env),
and for every r (1+n(3k—1)+k <r <1+n(3k—1)+ 3k —1 we have C.(env) =
C1+n(3k,1>+k(env). D

In the following, we will show that in each loop one object X,j; is sent to the
environment and eventually there exists a loop which sends no object X;j; to the
environment. In this case, in next loops no further objects are sent to the environ-
ment.

Firstly we prove that if in the k-th step of the loop the rule 7, is not applicable,
then also it is not applicable in the next loop.
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Proposition 4. For every n (0 < n < N — 2) if the rule r;, cannot be applied in
Ci4n(3k—1)+k—1, then it cannot be applied in Ci4(ni1)3k—1)+k—1-

Proof. According to Proposition 2, for each n (0 < n < N — 2) we have ¢, €
C1+n(3k,1>+k,1(N). The objects v, always appear in the skin membrane. As the rule
7t is not applicable in Cip3k—1)+%—1, we have aijr & Cipnr—1)+k—1(N).

Having in mind that objects 3, appear in Ciyn@k-1)+u(N) (1 < u < k—1)
we deduce that S;; & Ciin@r—1)+u(IN). Hence the rule 7, cannot be applied to the
configuration Cirn(3k—1)+k-

From step 1 +n(3k —1)+k — 1 tostep 1 + (n+1)(3k — 1) + k — 1, any object
Si; is produced. Then, the rule 74 is not applicable to Ciy(n41)(3k—1)+k—1-

Corollary 4. Let n be such that 0 < n < N — 2. If C436-1)+k(€nv) is equal to
Cit(n+1)(3k—1)+k(€nv), then for each n’ (n <n’ < N — 2) we have

Ciinr-1)+k(€nV) = Ciins(36-1)+x(€N0).

Corollary 5. For each computation C there exists an unique vz (1 < ve < N — 2)
such that the rule r; is applicable to Ci{(,.—1)(3k—1)+k—1, but it is not applicable to

Clve(3k—1)+h—1-
Proof. It follows from Corollary 2, Proposition 4, and Corollary 4. [

The following result allows us to give a meaning to the value t associated with
the object Xjj;.

Proposition 5. Let X, . . be the object that is sent to the environment by

N Yin jn

applying the rule r; to the configuration C(g41)4+n(sk—1)—1- Then, we have

e

= max{t| Sf] S Cl+n(3k71)(N)> 1<i<3< N} .

Proof. As the rule r;, is applicable to Cgt1)4n(3k—1)—1, We have the object Qi
TJIN i jn,
belongs to C(i+1)+n(3k—1)—1- That object is obtained from the application of one of the
(n)
rules 7, over the object S:;-”"", where tg:])-n is the maximum of the multiplicities
injn

of the objects S;;. If there exists ¢’ > t(").n such that Sf; € Cign@r—1)(N), then rules

inj
from 7,_y have been applied. So, rules from r will not be applicable. O

Next, we show that the maximum multiplicity of the objects \S;; belonging to
the skin membrane in any loop n is always greater than or equal to the multiplicity

of the objects S;; of the following loop n + 1.

Proposition 6. Let w, = max {t : Sfj € Crna-n(N),1<i<j < N}, with 0 <
n < N — 2. Then w, > w,1, for each n.
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Proof. From step 14+n(3k—1)+1 to step 14+n(3k—1)+w,, therules ro, 7}, ..., 77, _;,

Tw, are applied in the skin membrane. So, the objects S;; do not evolve, and
€k € Cryn(3k—1)+w, (IV). From Proposition 5 we deduce that

Wy > max {t : Sfj € Cl+n(3k71)+'wn(N)} :

o If w, # 0, then the multiplicity of the objects S;; only can decrease by applying
the rules 741, 7g42 and 7y3. After that, the rule r¢ is applied until reaching the
configuration Cyy(n41)3k—1). Hence, wyy; = max {t : Sfj € C1+(n+1)(3k,1)(N)} <
Wy,

o If w, = 0, the objects S;; do not belong to the skin membrane and by Proposi-
tion 4 it is not possible to produce any object .S;.

Hence, w,+; = max {t : Sfj IS C1+(n+1>(3k,1>(]\/)} =0. O
Remark 2. According to Proposition 6 we obtain t; >ty > ... > t,.

Next, we show that if a loop sends an object X;;; to the environment, then in the
next loop the objects Sy, Sij, Sjv (¢ ¢ {i,7}) disappear from the skin membrane.
That is, at the moment that two clusters {7, j} are joined a new class ¢ is formed
and all the objects Sy ; that have subscript j disappear.

Proposition 7. Let Xz‘ljltf;i_),l’X* @ ""’Xz‘njntfﬁn € Cin@r—1(env), with 1 <

n < ve. If Sy € Cipn@r—1)(N), then (4,7) ¢ {(i1,71),-- -, (in, Jn)}, and {i,j} €
{177N}_{]177_7n}

Proof. We prove the result by induction on n.

e Let us suppose that the rule r sends the object Xiljlt(l)- to the environment in
171

step k. From Proposition 6 we deduce that if S;; € Ci4(3,—1)(IN), then (i,7) ¢
{(i1,71)}. In the next steps, applying the rules ry 1, rr+2 and rpy3 we obtain that
the objects Si; € Cry(se—1) verify (4,7) ¢ {(i1j1)}, {i,5t € {1,....N} = {i}.

e Let us suppose the proposition holds for 1 < n < ve. From Proposition 6,
if X . (n+1) S Ck+n(3k,1>(€nv) and Sij S C1+(n+1>(3k,1>(N), then (l,j) ¢

i"“j"“tin+1]n+1
{(in+1, Jnt+1)}. So, we have (4,7) & {(i1,71)- - -, (in, Jjn)} by the induction hy-
pothesis. Then, (4,7) ¢ {(i1,41),-- -, (fnt+1, Jn+1)}- In the next steps, applying
the rules 7441, rr42 and 7443 we obtain that the objects Si; € Ciy(nr1)@r—1)(V)
verify (¢,7) & {(int1dn+1)}, {67} € {1,..., N} — {jns1}. The proof concludes
by using the induction hypothesis. O

In the following proposition we study how the multiplicities of the objects S;;
change when two clusters are joined.

Proposition 8. Let us suppose that Xz.mt(l) gy X
1171

1<n<uye, and tg? = maz {t : S € Citnezk—1)(N)}. Then,

€ Cryn(sk—1)(env) with

indntin),
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. . n+1 n
o Ifi, ¢ {i,j}, then t§j+ ) = tgj).

¢ 111 <in < ju<p< N, then 0 = min {1,407 }.

¢ 111 <y <p<ju <N, then t =min {0, ¢},

o If 1 <p<iy<jn<N,then t;?:l) = min {t;?i,t;?i}
Proof. The pairs (Si,p, Sj.p), (Sinps Opjn)s (Spins Opjn) are transformed in the ob-
jects Ci,p, Cip, Cpi,, respectively, by applying the rule 71 to Cpi(n—1)36—1). After
that, the rule ryo removes the objects S;,.p, Sj,.p, Spin> Spj,- Thus, the multiplic-

ity of the objects Ci p, Ci,py Cpi, 18 equal to min {t(") tﬁ:;} , min {t(") t;?i}, and

inp? inp?

min{t(") ¢ }, respectively. Finally, we note that the objects S;; are produced

Pin’ “Djn
from the objects C;; by applying the rule 7443. [
Let us consider a C a computation of the P system II(Pyy). We recursively
construct a sequence of partitions A§, A§, ... A¢ . of the set of the individuals, as
follows:
o A§={BY, ..., Bl } with g =i and BY = {w;} = {i} (1 <i < N).
0 0

e The partition A{ is constructed from the object X, € Cpt1(env) with

1 <14 < ji1 < N, as follows:

. 1

— We have {i1, j1} C {qé,...,qév}. Ifiy =g} and j; = ¢§, with1 <u < s <N,
then the new cluster is B, = Bg,UBg, with i = ¢f, By ¢ A{, and B} = B}

forl e {q,....a0"} —{at. a5}
ThalAC::{BH,.WlﬂNA}.
a1 9

e We construct A€, from AEL = { n ...,B”N_n} and X m+1) , as fol-

A S
n+1 a5’ e i1 fnity G
lows:

— From Proposition 7, we deduce that {int1, jnr1} C {q}w R qﬁ*”}. Ifipe =
g and jp11 = g5, with 1 <u < s < N, then the new cluster is Bgtll = B U

By, with gy, = q¥, By, ¢ A%, and B! = By for l € {q},...,¢) "} —
{an, a2}

Then A, = { B, B},

n+1 9t

Next, we show that t,gw is the aggregation index between clusters.
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. . (n) -
Theorem 1. For every 4,j,n (1 <i<j <N, 1<n <)t

similarity between any pair of individuals belonging to B! U B}~ ! That is,

is the minimum

tz(;‘L) :min{tz(/lj)/_ i ] EB" luBn 1} (5(3" 1 Bn 1)
Proof. By induction on n.

o
e From Proposition 1, if S:j” € Ci(N), then tEJD corresponds to the similarity
between individuals 4, j.

e Let us suppose that the result holds for n with 1 < n < re. Let X i
nJmn ‘ln]n

(1 <ip < Jn < N) be the object sent to the environment in the configuration
Cuniarnyn and let A, = {Brt Bt L
Gn— 1 an—1
— If i, ¢ {i,j}, then from Proposition 8 we have t,gLH) = t,E;.L). The result
follows from the construction of AS and the induction hypothesis.
—If1 < i < i, < jn, then from Proposition 8 we deduce that t("ﬂ) =

mm{tz(zn),tgf}. The result follows from the construction of A and the

induction hypothesis.
— The proof is similar in the remaining cases. ]

Proposition 9. For each n (0 < n < vg — 1), let us suppose that the partition
AC = {B{’;l e B;N_n} is constructed from the object X, it - If we denote by f

"Yinjn
the hierarchical index function, then f(B} ) = tfng , and for each B € AS — {Br" },
we have f(B) > "

njn’
Proof. By induction on n.
o Let us recall that AS = {{w;}, ..., {wy}} and f({w;}) =k (1 <i < N).
e From construction, A§ = {B;%, e B;{V_l} with B} = {w;,,w; } and Bj =
{w;} (Vj # 41). Then f(B]) = k with j # i, and f(B}) = t;])l (because
S(wiuwjl) = t(l) <k- )

11J1 —
e Let us suppose that the result holds for n (1 < n < v¢). We have tﬁ"jfjw L < tf:;n
Let AC,, = {B”“ .,B”,ﬂn,l}.

qn+1 Dnt1

— If ipg1, Jng1 € BY e then B”+1 = B" . From the induction hypothesis we
n+1

deduce that f(B%) = ¢\ t("ﬂ)

It

tnJn — “tnt1int1’

— It Bt = B UBP and (BP,, Br ) =t then f(Brt1) =

In+1 n41 n+1 Ing1? In+1 n+1Jn+1’ n+1
n+1
L O
n+1Jn+1
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Proposition 10. The P system II(Pyy) allows us to construct a hierarchical clus-
tering associated with any computation of the P system.

Proof. Let C be a computation of the P system II(Py). Let Af, Af, ... AS be
the partition associated with it. By Proposition 9 all the clusters of the partition AS

have a hierarchical index greater than or equal to tf:j)n (denoted by t,, in advance).
We construct the partition of the hierarchy Py, P, ..., Py, as follows:

- P() = AO = {{wl} y {WQ} gy {wN}}.

— If the partitions Ay, Ao, ..., A, have associated the same hierarchical index,
then P, = A,,.
— If the partitions Ap 11, Ap 42, ..., Ap, have associated the same hierarchical in-

dex, then P, = A,,.

— We continue in this way until we have one of the following situations:

— if Ay, has a hierarchical index ¢,, = k — 1, then P,,, = A,, = Q.
— if Ay, has a hierarchical index ¢,, < k — 1, then P,,,_1 = A,, and P,, = Q.

O

4 CONCLUSIONS

One of the central issues when we have a set of individuals, each of them characte-
rized by a k-tuple, is to obtain a cluster that allows us to group similar individuals.

In this paper we propose a non-deterministic P system with external output to
obtain a hierarchical clustering. This P system gives one of the possible solutions
to the problem. We present an efficient (semi-uniform) solution to the problem of
clustering in the framework of the cellular computing with membranes. The solution
is semi-uniform because for each matrix formed by the values of the individuals,
a specific P system with external output is designed. The solution is efficient,
because it is polynomial in order of the number N of individuals and of the number &
of characteristics. The amount of resources initially required to construct the system
is polynomial in NV and k.

The mechanisms of the formal verification of P systems are often a very hard
task. Therefore, to have new examples where this task is accomplished is always
interesting, in order to find systematic processes of formal verification in a model
of computation oriented to machines, like the P systems. The paper provides such
a new example of formal verification of P systems designed to solve a problem,
following a specific methodology valid in cases as that considered in the paper.
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