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Abstract. In a complex network comprising many devices, a set of nodes may be
partitioned into multiple local clusters with distinct functions, properties, or com-
munication protocols. Thus, there has been an increase in network design problems
with additional constraints regarding the clustering of vertices, one of which is the
Clustered Steiner Tree Problem – a variant of the Steiner Tree Problem. There have
been a few studies working on this problem in the literature, but they either solve it
only in the metric case or their exploration capability remains limited. Therefore,
their results are not good in many cases. To overcome the drawbacks, we propose
a Priority-Based Genetic Algorithm to solve the Clustered Steiner Tree Problem.
The proposed algorithm maintains a balance between exploration and exploitation
to prevent the search from getting stuck in local optima. Experiments and compar-
isons to existing works in non-metric and metric cases are carefully conducted to
prove the remarkable performance of the proposed algorithm.
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1 INTRODUCTION

The Internet of Things (IoT) has led to a rapid increase in the number of intercon-
nected devices with advanced features and capabilities, creating massive computer
networks. To facilitate the transmission and management process, ensure the scal-
ability of the network architecture, and protect privacy between different domains,
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many problems related to partitioning nodes into clusters (or domains) have been
proposed. This has led to the development of a class of clustered graph problems,
which are important for theoretical and practical reasons, as they allow us to find
computation paths between nodes within and between clusters. Some clustered
graph problems have variants such as the Clustered Traveling Salesman Problem
(CluTSP) [1], Minimum Routing Cost Clustered Tree Problem (CluMRCT) [2],
Clustered Shortest-Path Tree Problem (CluSPT) [3].

By grouping devices with similar properties into one domain for better manage-
ment and security, the Clustered Steiner Tree Problem (CluSteiner) was developed
to meet the demands of modern network systems. Its output solution is a graph
containing all vertices of different clusters, together with some independent nodes,
with the lowest cost possible. Therefore, this problem has practical applications in
multipoint networks with clusters of different functionalities and protocols. When
costs, latency, power consumption, and bandwidth usage are minimized, networks
will operate more efficiently. Throughout history, there have been many research
related to this problem, such as designing customized wireless networks to minimize
the number of intermediate vertices to reduce latency and collision [4], reducing
energy consumption for transmitting signals [5], increasing data distribution speed
and error handling in connecting data centers [6].

Belonging to the NP-hard class, these problems are usually approached by ap-
proximate methods such as Genetic Algorithm (GA) [7, 8] and Tabu search [9] for
CluTSP problem, multifactorial evolutionary algorithms [10] and approximation al-
gorithms [11] for the CluMRCT problem and the other related problems [12, 13].
These approaches divide the problem into two stages:

1. finding a subgraph for each cluster and

2. connecting the subgraphs into a full graph.

Following that trend, many studies on the CluSteiner problem also use two-level
approaches to find approximate solutions. However, two-level approaches have
some drawbacks. Some algorithms are not suitable for sparse or non-metric graphs.
Greedy algorithms, which are used in some two-level approaches, may not explore
all possible solutions and can get stuck in local optima. Additionally, some two-level
algorithms can be computationally expensive.

In this paper, we propose a method using GA based on the evolutionary princi-
ple of nature that only the fittest individuals can survive. Compared with previous
works, we use a priority-based encoding method, and a novel algorithm for finding
the Steiner tree has been developed. Furthermore, we also conduct experiments on
our approach and analyze the results to evaluate its efficiency. The main contribu-
tions are summarized as follows:

• Propose a representation method for the CluSteiner problem and a new scheme
to find the Steiner tree according to the given order of vertices to improve the
solution space exploration and yield more efficient results.
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• Devise a prefiltering process for the graph to reduce the complexity of computing
output solutions.

• Evaluate the performance of the proposed algorithm by conducting extensive
experiments on various datasets and comparing the results to previous state-of-
the-art methods.

The rest of the papers are organized as follows: Section 2 presents related works.
Section 3 provides problem formulation, while Section 4 describes our proposed
algorithm in detail. Section 5 contains experimental results and comparisons with
other algorithms. Finally, Section 6 presents some final remarks and future aspects
of our work.

2 RELATED WORKS

Steiner Tree Problem (STP), named after the mathematician Jakob Steiner, is a clas-
sical combinatorial problem. In [14], it was proved to be a problem belonging to the
NP-Hard class and has been rigorously studied with various proposals. If the num-
ber of required vertices is equal to the number of vertices in the original graph, the
problem converts to Minimum Spanning Tree (MST) problem. Therefore, proposals
for the MST problem can produce a feasible solution for the CluSteiner problem.
The authors in [15, 16] have utilized MST algorithms and prove that their approach
is a 2-approximation algorithm, which means that the cost of its solution is at most
twice the cost of the optimal solution in the case of metric graph. Two exact algo-
rithms to solve the MST problem are Prim [17] and Kruskal algorithms [18]. In other
studies, Wu and Lin proposed a two-level algorithm to solve the CluSteiner problem,
Bilevel Minimum Spanning Tree (BMST), which finds the minimum spanning tree
for each cluster and connects the sub-trees together using a p-approximation algo-
rithm [15]. In the Clustered Selected-internal Steiner Tree Problem (CSISTP) [16],
a variant of the CluSteiner problem with vertex constraints, Chen also used a sim-
ilar two-level approach. The MST algorithm is suitable for finding sub-trees at the
first level of the CluSteiner problem because the clusters of the input graph only
contain destination vertices without intermediate vertices. However, this method
can only be applied when the sub-graphs of G on each cluster are connected graphs.
Additionally, the (2+p) approximation ratio is only valid when the graph is met-
ric.

Notably, in the research about multi-domain Steiner tree [19], Chen et al. pro-
posed the Shortest-Path Heuristic (SPH), which initialized the tree with a random
vertex in the required set of vertices, then it adds the nearest vertex one by one until
all required vertices have been added. The algorithm was proved to have an upper
bound of 2× (1− 1

k
) (k being the number of destination vertices) times the optimal

solution. Additionally, the results can be improved by running the algorithm several
times since each starting point gives a different solution. Consequently, under the
context of non-metric graph, SPH is more efficient than MST algorithms.
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In [19], the authors examined another clustering variant of the Steiner tree prob-
lem, with inputs being graphs with all vertices clustered. The problem is approached
similarly, with both levels finding the Steiner tree using the SPH algorithm. This
method can be applied to the CluSteiner problem by treating all unconnected in-
termediate vertices as the intermediate vertex set of the cluster when considering
each cluster. At this point, the order of visiting the cluster significantly impacts the
algorithm’s results.

Based on this foundation, Anh et al. proposed a two-level SPH algorithm, Bilevel
Shortest Path Heuristics (BSPH), and a genetic algorithm based on SPH, Shortest-
Path Genetic Algorithm (SPGA) [20]. The BSPH algorithm randomly selects the
order of finding sub-trees for each cluster, while the SPGA uses permutation encod-
ing to represent the order. Experimental results show that SPGA and BSPH have
overcome the limitations of BMST in non-metric space. However, both used the
SPH algorithm to find the Steiner tree. Following only the shortest path renders
SPH incapable of exploring all solution spaces. Additionally, optimizing each cluster
separately can make it hard for the overall algorithm to find optimal results: the
first visited cluster may use up all intermediate vertices, hence making subsequent
clusters and inter-cluster connections less feasible, so the total weight of the tree is
increased. Therefore, two-level algorithms similar to BMST or BSPH cannot im-
prove the solution by using more efficient algorithms to find the Steiner tree, not to
mention the possibility of longer computation time.

In this paper, we are dedicated to resolving the aforementioned disadvantages
of existing algorithms by proposing a Priority-Based Search (PBS) algorithm to
find the Steiner tree. To the best of our knowledge, PBS is historically an effec-
tive method for solving this type of problem. Therefore, it can have remarkable
exploration capability in finding the clustered Steiner tree, hence maintaining the
diversity of the proposed algorithm. As a result, the proposed algorithm obtains
better solutions than others in the literature.

3 PROBLEM FORMULATION

The CluSteiner is a variant of the classical Steiner Tree Problem in graphs. In
the CluSteiner, given an undirected weighted graph G = (V,E,w) and a set of
required vertices R, the objective is to find a minimum weighted acyclic connected
subgraph, i.e., a tree, in G that spans all vertices in R. The non-required vertices
(vertices belonging to V \R) used as intermediate points in the tree are called Steiner
vertices. In addition to the requirements of Steiner Tree Problem, the CluSteiner
also provides a partition R′ = {R1, R2, . . . , Rk} along with a clustering constraint
such that a Steiner tree T must be a clustered tree for R′. A Steiner tree T is
a clustered tree for R′ if all the local trees are mutually disjoint, where a local tree
of Ri in T is the minimal subtree of T spanning Ri.

A formal definition for CluSteiner is given in Table 1.
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Input – A weighted, complete graph G = (V ;E;w)
– A set of required vertices R ⊂ V
– A partition R′ = {R1, R2, . . . , Rk} of R; Ri is the ith cluster

Output A clustered Steiner tree T = (VT , ET ) for R
′

Objective Minimize Σe∈ET
w(e)

Constraints – T is a Steiner tree: R ⊂ VT

– A local tree Ti = (VTi , ETi) is a Steiner tree of cluster Ri: Ri ⊂ VTi

– All local trees are mutually exclusive: ∀1 ≤ i < j ≤ k, VTi ∩ VTj = ∅

Table 1. Clustered Steiner Tree problem definition
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Figure 1. Graph G with a set of destination vertices partitioned into 3 clusters R1, R2,
and R3

An example of the input graph is illustrated in Figure 1, an invalid solution and
a valid one are shown in Figures 2, 3, respectively. In Figure 2, both the minimal
local trees of cluster R1 and cluster R2 must contain vertex 14, so they are not
mutually exclusive; hence the invalidity. Meanwhile, in Figure 3, the graph can
be divided into three separate local trees {1, 2, 3}, {5, 6, 7, 9}, and {10, 11, 12, 13}
spanning the three clusters R1, R2, and R3, respectively.

4 PROPOSED ALGORITHM

Previous sections have introduced the Clustered Steiner Tree Problem. In this sec-
tion, an approach based on a Genetic Algorithm to solve CluSteiner is described in
detail.
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Figure 2. An example of invalid solution

4.1 Prefiltering

The process of transforming from the graph G to G’ is carried out every time an in-
dividual is evaluated, thus avoiding repeating the same computational steps between
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Figure 3. An example of valid solution
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evaluations helps to reduce computation time significantly. This paper analyzes the
calculations of the edges’ weights in constructing G’ and performs common opera-
tions in the prefiltering step. With the sub-tree Ti, the vertex set ETi

is partitioned
into two parts: the destination vertex set Ri and the Steiner vertex set Si. Set Si

is determined by the results at the first level and differs between solutions, but
Ri is determined by the input of the problem and remains unchanged. Therefore,
the edge weights related to vertices in Ri are the same between solutions, and can
be calculated beforehand to avoid repetition. Considering F and F’ as the sets of
intermediate vertices in G and G’, respectively, we can examine the formula for
determining the weights of edges in G’ as follows:

• The weight of the edge between two intermediate vertices u, v ∈ F ′ is equal to
the corresponding weight between two vertices in G.

w′(u, v) = w(u, v).

• The weight of the edge between an intermediate vertex and the destination
vertex: given the definition of the weight between vertex u and cluster Ri is
d(u,Ri) = minv∈Ri

w(u, v), the formula w′(u, ti) = minv∈VTi
w(u, v) is analyzed

as follows:

w′(u, ti) = min
v∈VTi

w(u, v)

= min

(
min
v∈Ri

w(u, v),min
v∈Si

w(u, v)

)
= min

(
d(u,Ri),min

v∈Si

w(u, v)

)
.

If the distance d(u,Ri) is calculated beforehand, the computational complexity
of calculating w′(u, ti) decreases by O(|Ri|). In Figure 4, w′(9, t2) is computed
only considering the weights to the cluster R2 and vertices 4, 8 (set S2) instead
of considering all the edges from vertex 9 to 4, 5, 6, 7, 8.
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Figure 4. Weight of edge (9, t2) with destination vertex t2 simplified from the tree T2
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• Weight of the edge between two destination vertices: given the definition of
weight of the edge between two clusters, d(Ri, Rj) = minu∈Rj

v∈Rj

w(u, v), we have:

w′(ti, tj) = min
u∈VTi
v∈VTj

w(u, v)

= min
u∈VTi

(
min
v∈Rj

w(u, v),min
v∈Sj

w(u, v)

)

= min

min
u∈Ri
v∈Rj

w(u, v),min
u∈Ri

v∈Sj

w(u, v),min
u∈Si
v∈Rj

w(u, v),min
u∈Si
v∈Sj

w(u, v)



= min

d(Ri, Rj),min
v∈Sj

d(v,Ri),min
u∈Si

d(u,Rj),min
u∈Si
v∈Sj

w(u, v)

.

Prefiltering step calculates the weights to destination vertices in advance, which
helps reduce the computational complexity of the calculation w′(ti, tj) fromO(|ETi

|×
|ETj
|) to O(|Si| × |Sj|).
The process of constructing the graphG′ for each evaluation has a computational

complexity equal to the sum of the computational complexity of calculating the
weights:

O(compute(G′)) = O(|F ′|2) +O

(
|F ′| ×

k∑
i=1

|Si|

)
+O

(
k−1∑
i=1

k∑
j=i+1

|Si||Sj|

)

< O

(|F ′ +
k∑

i=1

|Si|

)2
 = O(|F |2).

4.2 Priority-Based Search

The PBS algorithm is developed based on the SPH algorithm and applied to the
Steiner tree problem. The tree T needs to cover a pre-defined set of vertices in
a specific order. In each iteration, the algorithm traverses the vertices in the graph
and updates the distances from their neighbors to the tree. When the target vertex
with the shortest path is determined, PBS adds that path to the treetree T and
starts a new iteration with the next target vertex. The modified PBS algorithm is
shown in Algorithm 1. Some notations:

• Q: Set of vertices that have not been traversed yet, initially containing all
vertices in V . After traversing a vertex, the algorithm determines the shortest
distance from that vertex to tree T . When tree T adds a new vertex, the
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distances from the tree to other vertices may change. Therefore, the algorithm
needs to re-traverse the recently added vertex and the vertices that are not part
of tree T . Note that traversing a vertex does not necessarily mean it has been
added to tree T .

• d(v): Shortest distance from vertex v to tree T . Initially, d(v) =∞ for all v ∈ V .

• p(v): Predecessor vertex of v on the shortest path to tree T .

Algorithm 1 Implementation of PBS

Input: G = (V,E,w), R = r1, r2, . . . , rk ⊂ V , the order r1, r2, . . . , rk
Output: A Steiner tree T = (VT , ET ) : R ⊂ VT

1: VT ← ∅, ET ← ∅
2: Q← V
3: ∀v ∈ V : d(v)←∞
4: VT ← VT ∪ {r1}, d(r1)← 0
5: for i← 2 to k do
6: while minu∈Q d(u) < d(ri) do
7: u← argminu∈Q d(u)
8: Q← Q \ {u}
9: for ∀(u, v) ∈ E do

10: if d(u) + w(u, v) < d(v) then
11: d(v)← d(u) + w(u, v)
12: p(v)← u
13: end if
14: end for
15: end while
16: u← ri
17: while u /∈ VT do
18: VT ← VT ∪ {u}, ET ← ET ∪ {(p(u), u)}
19: d(u)← 0, Q← Q ∪ u
20: u← p(u)
21: end while
22: end for
23: return T

Both the SPH and PBS algorithms add paths from tree T to the destination
vertices, but they differ in their strategies for selecting the vertices to be added.
While SPH selects the nearest vertex, PBS chooses vertices in a predetermined
order and considers it as part of the problem input. Therefore, though PBS is not
as efficient as SPH in finding the Steiner tree, it explores the solution space better
and ensures a better overall optimized result in the CluSteiner problem.
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4.3 Priority-Based Genetic Algorithm

4.3.1 Population Initialization

The initial population has a significant impact on the results of algorithm, so it needs
to be carefully selected based on the problem, representation and individual eval-
uation. The evaluation process of individual in Priority-Based Genetic Algorithm
(PBGA) uses the PBS algorithm. Although the PBS algorithm has good explo-
ration capabilities in the solution space, it is less efficient than greedy algorithms in
constructing new solutions.

Therefore, the population is randomly initialized, which does not guarantee
quality and requires the use of heuristic methods. The proposed algorithm uses
BSPH to initialize the population. The BSPH algorithm can generate different
solutions by randomly selecting a starting point and the order of searching for sub-
trees. As a result, the initial population ensures both diversity and relatively good
quality.

4.3.2 Chromosome Representation

The evaluation process is based on two-level approach, in which the order of clusters
when searching for sub-trees at the first level must be determined. Additionally, the
order of vertices needs to be determined in advance as it is part of the input for
the PBS algorithm in finding Steiner trees (presented in Section 4.2). Therefore,
the representation of an individual needs to express the following factors: the order
of searching for sub-trees within clusters, the order of destination vertices within
each cluster, and the order of searching for destination vertices (extracted from the
sub-trees) at the second level.

In the PBGA algorithm, each individual is encoded using a real-valued sequence
of length |R| representing the priority of destination vertices and clusters. At the
first level, the highest priority among the vertices in a cluster determines the order
of searching for sub-trees. Within a cluster, the priority of vertices determines the
traversal order of the PBS algorithm when searching for the sub-tree of that cluster.
At the second level, the average priority of vertices within a cluster determines the
corresponding order of destination vertices when searching for tree T ′.

0.3 0.3 0.350.7 0.5 0.6 0.5 0.1 0.2

5 6 71 2 3 11 12 13

0.4

10

0.4

Figure 5. Real number sequence represents an individual

Figures 5, 6, 7, 8 illustrate an individual representation for the problem shown
in Figure 1. The blue, red, and green colors of the cells in Figure 5 correspond to
clusters R1, R2, and R3, respectively. The numbers above the cells represent the
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vertices that the cells stand for. The order of clusters when searching for sub-trees is
determined by the highest priority within each cluster. In Figure 6, the order is 0.7,
0.4, 0.5 corresponding to vertex 1 of cluster 1, vertex 5 of cluster 2, and vertex 11 of
cluster 3. Therefore, the evaluation process sequentially searches for sub-trees T1,
T3, and T2. For sub-tree T1, the PBS algorithm traverses vertices 1,3 and 2 in the
priority shown in Figure 7. The order destination vertices in graph G′ is determined
by the average priority of the corresponding cluster. In Figure 8, the order is 0.6,
0.35 and 0.3. Thus, on G′, the PBS algorithm searches for the tree T ′ in the order
of vertices t1, t2, t3.

T1 T3 T2

0.7 0.4 0.5

Figure 6. Order of clusters when finding sub-trees

0.7 0.5 0.6

3 21

Figure 7. Order of vertices when finding sub-tree T1

t3t1 t2

0.350.6 0.3

Figure 8. Order of clusters when connecting at the second level

4.3.3 Chromosome Evaluation

The evaluation process of an individual involves constructing a clustered Steiner tree
and calculating its total weight. The solution search process consists of two levels,
each level using the PBS algorithm to find a Steiner tree:

• First level: Using the PBS algorithm to find a sub-Steiner tree for each cluster
in the order determined by cluster priority.

• Second level: Constructing graph G′ from graph G and the sub-trees, then
finding inter-cluster connections using PBS.

Let α(T ) be the sum of all local trees’ costs and β(T ) be the sum of all inter-
cluster links. The fitness value of the chromosome, i.e., the cost of clustered Steiner
tree T , is:

c(T ) = α(T ) + β(T ).
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4.3.4 Find the Sub-Trees Within Clusters

The order of finding sub-trees is determined by the highest priority of vertices in
each cluster. For cluster Rpi considered at ith position, the process to find sub-tree
Tpi = (VTpi

, ETpi
), considering the graph Gpi = (Vpi , Epi) containing:

• The set of vertices Vpi = Rpi∪Fpi , with the intermediate vertex set Fpi consisting
of intermediate vertices of G that have not been used for any previous sub-tree.
The set Fpi is defined as:

Fpi = F \ (Sp1 ∪ Sp2 ∪ · · · ∪ Spi−1
),

where F = V \R is the intermediate vertex set of G, and Sj is the set of Steiner
vertices in Tj.

• The set of edges Epi ⊂ E consists of edges with both endpoints in Vpi :

Epi = {(u, v) ∈ E | u, v ∈ Vpi}.

Using the input of the graph Gpi and the traversal order of target vertices in
Rpi , the PBS algorithm finds the sub-tree Tpi for the cluster pi. For example,
with the individual shown in Figure 7, the process of finding sub-trees is performed
sequentially for clusters R1, R3, and R2. Among them, the process of finding the
sub-tree T1 is illustrated in Figure 9.
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Figure 9. Finding the sub-tree of cluster 1 using PBS
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Graph G1 consists of the set of target vertices R1 and the intermediate vertex
set F1. Since cluster 1 is the first cluster to find a sub-tree, F1 = F . According to the
priority values of the vertices in R1 in Figure 7, the traversal order of target vertices
is 1, 3, and 2, with decreasing priorities of 0.7, 0.6, and 0.5, respectively. Tree T1

is initialized with the starting vertex as 1. PBS adds vertex 3 to the tree with the
shortest path being: 1, 14, 3. Finally, tree T1 adds vertex 2 with the shortest path
being the edge (1, 2).

Similarly, the sub-trees T3 and T2 found by the PBS algorithm are illustrated
in Figures 10 and 11. Since tree T1 has the Steiner vertex set S1 = {14}, the
graph G3 does not contain vertex 14, and the set F3 = F \ S1 = {4, 8, 9}. Tree
T3 adds the target vertices in the order 11, 10, 13, and 12. Tree T3 does not
have any Steiner vertices, so the graph G2 has the intermediate vertex set F2 =
F3 = {4, 8, 9}. The PBS algorithm adds the target vertices to T2 in the order 5, 7,
and 6.

12

10

133

3

11

5

T3
12

10

4

9

8

13
4

4

4

3

4
3

11

5
2

R3

Figure 10. Sub-tree T3
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After finding the sub-trees, the total weight of the trees is calculated: α(T ) =∑k
i=1 c(Ti). In the example above, α(T ) = c(T1)+ c(T3)+ c(T2) = (3+ 2+2)+ (5+

3 + 3) + (3 + 2 + 3) = 26.

4.3.5 Connecting the Sub-Trees of Each Cluster

After finding the sub-trees for each cluster T1, T2, . . . , Tk, the graph G is reduced to
G′ = (V ′, E ′, w′), where the target vertex set is R′ = {ti | 1 ≤ i ≤ k} corresponding
to the sub-trees. The second level also utilizes the PBS algorithm with the vertex
order determined based on the average priority of the clusters to find the tree T ′.
The edges of tree T ′ represent the connections between the sub-trees, and the cost
of inter-cluster connections is denoted as β(T ) = c(T ′). For the sub-trees T1, T3,
T2 obtained in Section 4.3.4, the graph G′ transformed from G is illustrated in
Figures 12, 13, 14, 15, and 16. The PBS algorithm visits the target vertices in the
order t1, t2, t3 as determined in Figure 8.
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Figure 12. Graph G after finding sub-trees

The edges of the tree T ′ in Figure 15 are inter-cluster edges connecting the sub-
trees, β(T ) = 3 + 2 = 5. The tree T ′, along with the sub-trees T1, T3, T2, forms the
tree T , which is the complete solution to the problem. The total weight of the tree
T is c(T ) = 26 + 5 = 31.
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Figure 14. Level 2 input graph G′

4.4 Genetic Operator

4.4.1 Blended Crossover

In this study, the proposed algorithm utilizes the blend crossover method. Intro-
duced in [21], Blend crossover (BLX) is commonly used with real-valued represen-

t3

t1

t2

2
3

Figure 15. Inter-cluster tree T ′
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tations. For a pair of parent individuals p1, p2 ∈ Rn, the ith element of the offspring
individual c is randomly generated within the range [Pmin − I × α, Pmax + I × α].
Here, Pmin is the minimum value between pi1 and pi2, Pmax is the maximum value
between pi1 and pi2, and I is calculated as Pmax − Pmin. The red area in Figure 17
illustrates the range of values for the offspring’s element ci generated from the parent
individuals p1 and p2.

Figure 17. Range of values for the offspring’s element generated from the parents p1 and
p2 by BLX-α

In the case where the value range of the ith element is [li, ui], BLX requires
normalization of the value ci that exceeds the value range: values greater than
the range are reassigned to ui, and values smaller than the range are reassigned
to li.
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4.4.2 Polynomial Mutation

The mutation operator used in the proposed algorithm is polynomial mutation. First
introduced by Deb et al. [22, 23], polynomial mutation generates offspring c from
parent p ∈ Rn by:

• Generating a random value u ∼ U(0, 1).

• Using the polynomial distribution to generate parameters for the mutation pro-
cess:

δL = (2u)
1

1+ηm − 1, for u ≤ 0.5,

δU = 1− (2(1− u))
1

1+ηm , for u > 0.5,
(1)

where ηm is the mutation parameter.

• The value of element i of offspring c is calculated using the formula:

ci =

pi + δL(p
i − li), for u ≤ 0.5,

pi + δU(u
i − pi), for u > 0.5,

(2)

where [li, ui] represents the value range of element i.

The values of offspring generated usually have slight differences from their par-
ents.

4.4.3 Elitist Selection

Let Pi be the population of the current generation i, and Ci be the population
consisting of offspring generated by crossover and mutation operators. Firstly, all the
offspring individuals in Ci are evaluated. Then, the population of the next generation
is selected as the top N fittest individuals among the combined population of Pi and
Ci.

4.5 Time Complexity Analysis

The prefiltering step plays an important role in significantly reducing the compu-
tation time by precomputing the edge weights between the vertices of the graph
G remaining constant in all solutions. These weights are related to the connec-
tions between destination vertices and Steiner vertices within each cluster, as well
as between different clusters. By precomputing the weights before any evaluations
are performed, the algorithm avoids recalculating them for each individual, thus
reducing redundant computations. Specifically, the weight between an intermediate
vertex u and a destination vertex in a cluster Ri, as well as the weights between
vertices between clusters, are calculated and stored in advance. This step allows the
algorithm to quickly reference the precomputed values during the evaluation pro-
cess, improving efficiency. Without prefiltering step, recalculating these values can
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increase the time complexity. On the other hand, the PBS algorithm, used to find
the Steiner tree for each cluster and the inter-cluster connections, also contributes
to the overall time complexity. By processing vertices in a predefined order, PBS
provides a more structured and efficient exploration of the solution space compared
to other algorithms, which can get stuck in local optima. Effortless exploration
improves the quality of solutions while maintaining a manageable computational
cost.

The time complexity of PBGA is structured across three primary stages:

Graph Prefiltering: This stage calculates the minimum distances between free
vertices and clusters, and between clusters. Its time complexity is O(|V |2).

Population Initialization: The initial population of N individuals is generated
using BSPH. The complexity for this step isN×O(|R|×|V |×log(|V |)+|R|×|E|).

Offspring Reproduction: This iterative process occurs over GEN generations
and includes crossover, mutation, cost evaluation, and selection.

• Crossover: Generating N new individuals has a time complexity of O(N×|V |),
as it operates on real-coded chromosomes of length |V | for each individual.

• Mutation: For N individuals with a mutation rate pm, the complexity is
O(pm ×N × |V |), reflecting operations on chromosomes of length |V |.

• Cost Evaluation (per individual): This is a critical component, involving:

– Building Steiner trees for each cluster using PBS: O(|R| × |V | × log(|V |) +
|R| × |E|).

– Constructing the intermediate graph G′ from G: O(|V \R|2).
– Finding inter-cluster connections on G′ using PBS: O(|R| × |V | × log(|V |) +
|R| × |E|).

– The total complexity for evaluating one individual is approximately O(|R|×
|V |2) (assuming dense graphs where |E| is O(|V |2)), as the PBS and G′

construction steps are dominant.

• Selection: The process of selecting N individuals for the next generation, typ-
ically has a complexity of O(N logN).

In summary, the overall time complexity of PBGA is largely dominated by the
iterative evaluation process. It can be expressed as: O(PBGA) = O(|V |2) + N ×
O(|R| × |V | × log(|V |)+ |R| × |E|)+GEN× (N ×O(|V |)+ pm×N ×O(|V |)+N ×
O(|R| × |V |2) +O(N logN)). The most prominent term contributing to the overall
complexity is typically O(GEN×N × |R| × |V |2).
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5 COMPUTATIONAL RESULTS

5.1 Problem Instances

The experiments use the only datasets published in [20]. There are seven datasets
comprising 140 instances in total, categorized into two types regarding dimension-
ality: small instances, each of which has between 30 and 120 vertices, and large
instances, each of which has over 260 vertices. Therefore, we have a variety of dif-
ferent classes of instances with varying sizes (different numbers of vertices, edges,
and clusters). It allows us to evaluate the efficiency of the proposed algorithm in
many scenarios. More details of the datasets are given in Table 2.

Type #NoIns #Vertices #Clusters #ReqVertices

Type 1 Small 27
Max 105 75 80
Min 51 5 12

Type 5 Small 21
Max 120 10 28
Min 30 5 8

Type 6 Small 37
Max 105 42 51
Min 51 2 12

Type 1 Large 15
Max 242 50 110
Min 262 10 49

Type 3 Large 10
Max 750 25 135
Min 300 6 50

Type 5 Large 15
Max 500 25 96
Min 300 5 49

Type 6 Large 15
Max 442 49 98
Min 262 9 48

* NoIns: Number of instances, ReqVertices: Required Vertices

Table 2. Dataset information

5.2 Experiment Criteria

The following criteria assessed the quality of the algorithms:

AVG: The average objective function value over 30 runs.

BF: Best objective function value achieved over 30 runs

RPD: Relative Percentage Difference.

PI: Percentage of Improvement.

Let Si
ar be the solution produced by algorithm a in rth on instance i. Let Bi be

the best solution among all algorithms, for instance, i. Then RPD value is calculated
using the following equation. The smaller the RPD value, the better the quality of
the solution found.

RPDi
ar =

Si
ar −Bi

Bi
× 100%.
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The Improvement Percentage (PI) is used to signify the improvement of algo-
rithm a over b. Let AVGi

a and AVGi
b be the average value over 30 runs on instance

i of two algorithms a and b, respectively. Then the improvement of the algorithm
over algorithm b is:

PIiab =
AVGi

b − AVGi
a

AVGi
b

× 100%.

5.3 Experimental Setting

Each algorithm is executed independently 30 times on each dataset. The computer
configuration is Intel(R) Core(TM) i5-3470 CPU 3.2GHz, 16GB RAM. The algo-
rithms are implemented in the Java language. The parameters of SPGA and PBGA
are provided by Table 3.

Parameter Definition Value

POPSIZE Number of individuals in the population 100
MAXGEN Number of generations 500
MAXEVAL Number of evaluations 50 000
pm Mutation rate 0.05
pc Crossover rate 0.9
nm Mutation parameter PM 15
α BLX crossover parameter 0.3
MAPSIZE Size of the SMS map 15

Table 3. Parameters of SPGA and PBGA

To ensure objectivity, the number of evaluations for the solutions of each algo-
rithm must be the same. SPGA and PBGA have the same population size of 100
and the same number of generations of 500, which corresponds to 50 000 evaluations.
The BSPH algorithm evaluates only one solution at a time, so it needs to be run
50 000 times (random starting vertex and subtree finding order) to find the best
solution. In addition, these 50 000 runs share the preprocessed graph information in
Section 4.1 to ensure fairness in terms of time with SPGA and PBGA.

For critical genetic operators, namely the crossover rate (pc) and the mutation
rate (pm), a dedicated parameter tuning process was undertaken, as these parame-
ters significantly influence the exploratory and exploitative capabilities of a genetic
algorithm. The proposed PBGA was executed with various combinations of pc and
pm values on 16 typical data instances, with each instance run 30 times to obtain the
average of the best-found solutions. The objective of this tuning was to identify the
parameter combination that consistently yielded the best average among the test
runs, thereby optimizing the algorithm’s performance. The detailed experimental
results of this tuning process for pc and pm are presented in Table 4. The results in
Table 4 (where a value of 5 indicates the most frequent occurrence of the best solu-
tion) indicate that pc should be set to 0.9 and pm to 0.05 for the main experiments.
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This selection is consistent with general recommendations for mutation rates, which
are typically small (e.g., 1–5%) to avoid instability in the population [24].

Other parameters, including the polynomial mutation parameter (ηm), the blend
crossover parameter (α), and the SMS map size (MAPSIZE), were set based on
widely established practices in prior evolutionary computation research: ηm = 15 for
Polynomial Mutation, a common operator for real-parameter representation, as in-
troduced by Deb and Agrawal [22], α = 0.3 for Blend Crossover (BLX), a frequently
used crossover operator for real-parameter representation, introduced by Eshelman
and Schaffer [21], and MAPSIZE = 15 for SMS, a selection strategy inspired by the
Multi-dimensional Archive of Phenotypic Elites (MAP-Elites) algorithm. This size
was chosen to ensure the maintenance of population diversity [25, 26, 27].

Pm \Pc 0.80 0.85 0.90 0.95

0.05 1 2 5 1
0.10 3 1 2 1
0.15 2 3 1 3
0.20 2 2 1 1

Table 4. The number of best solution results on different pair parameters on some data
sets

5.4 Experimental Scenarios

The performance of the proposed algorithm was compared with two other algo-
rithms, BSPH and SPGA. There are two experiments as follows:

Experiment 1: Conduct non-parametric statistic tests to analyze the results of
the algorithms.

Experiment 2: Compare results, run time, and convergence trend of difference
algorithms.

5.5 Experimental Results

5.5.1 Non-Parametric Statistics to Compare the Results
of the Proposed Algorithm and the Existing Algorithm

The detailed results obtained by all three algorithms are presented from Table 10 to
Table 16. Statistical non-parametric tests are used to examine whether significant
differences exist in the results of the BSPH, SPGA, and PBGA algorithms. The
process of conducting non-parametric statistical analysis consists of two steps:

In the first step, the Friedman, Aligned Friedman, and Quade tests [28] are
employed to evaluate the differences among the algorithm results.

In the second step, after confirming the differences among the algorithms, further
post-hoc statistical tests are conducted to compare the best-performing algorithm
(or the control algorithm) with the other two algorithms.



1316 T.-A. Do, H.-B. Ban, D.-H. Pham, L.M. Tu

The results of the Friedman, Aligned Friedman, and Quade tests are presented
in Table 5. The p-values for all tests are below the threshold of 0.05, indicating
significant statistical differences in the obtained results among the algorithms.

Friedman Value Aligned Friedman Value Quade Value
211.444 90.666 221.894

Value in X2 p-value Value in X2 p-value Value in FF p-value
5.991 9.448 ∗ 10−11 5.991 8.546 ∗ 10−11 3.029 1.005 ∗ 10−57

Table 5. The results of Friedman, Aligned Friedman and Quade statistical tests (α =
0.05)

The average rankings of the algorithms are presented in Table 6. The results
show that the proposed PBGA algorithm significantly outperforms BSPH and SPGA
on all types of statistical tests.

Algorithm Friedman Friedman Aligned Quade

BSPH 2.425 299.279 2.636
SPGA 2.004 202.967 1.977
PBGA 1.571 129.254 1.387

Table 6. The average rankings of the algorithms are computed using the Friedman,
Aligned Friedman, and Quade statistical tests

In the second step, since PBGA has the lowest rank, it is chosen as the control
algorithm for pairwise comparisons with the other two algorithms using the Holland
and Holm statistical methods. The p-values in Table 7 are much smaller than
the threshold α = 0.05, indicating the superiority of PBGA over the other two
algorithms.

i Algorithm z = (R0 −Ri)/SE p
Holm/Hochberg/

Hommel
Holland

2 BSPH 7.141 9.232E-13 0.025 0.025
1 SPGA 3.616 2.997E-4 0.05 0.05

Table 7. The z-values and p-values of the Friedman statistical test with the control algo-
rithm PBGA

5.5.2 Detail of Comparison Among the Algorithms BSPH, SPGA
and PBGA

This section provides a detailed comparison of the algorithms, including the results,
running time, and convergence trend. The results from Table 10 to Table 16 are
evaluated based on the criteria of average PI improvement on each dataset and the
relative percentage difference (RPD).
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Dataset PI Min PI Average PI Max +/ ≈ /−
S
m
al
l Type 1 Small −0.007416 0.362646 3.646409 6/19/2

Type 5 Small 0.000000 0.202814 1.323529 5/16/0
Type 6 Small −0.040123 0.526952 10.554090 13/22/2

L
ar
ge

Type 1 Large −0.129874 2.208344 6.692581 14/0/1
Type 3 Large 0.387083 3.330297 6.362738 10/0/0
Type 5 Large 0.131776 2.391222 6.159098 15/0/0
Type 6 Large −0.159064 2.003998 4.675739 14/0/1

Table 8. PI (%) of PBGA compared with BSPH

Dataset PI Min PI Average PI Max +/ ≈ /−

S
m
al
l Type 1 Small −0.007416 0.362646 3.646409 6/19/2

Type 5 Small 0.000000 0.202814 1.323529 5/16/0
Type 6 Small −0.040123 0.526952 10.554090 13/22/2

L
ar
ge

Type 1 Large −0.677928 0.370860 1.860520 9/0/6
Type 3 Large −0.167542 1.129364 2.608146 9/0/1
Type 5 Large −1.687057 0.529224 2.713064 12/0/3
Type 6 Large −0.639308 0.321106 1.886703 8/0/7

Table 9. PI (%) of PBGA compared with SPGA

The improvement in the average PI results of the PBGA algorithm compared
to BSPH and SPGA is presented in Tables 8 and 9.

The BSPH and SPGA algorithms yield similar results on small datasets because
they both use SPH to find Steiner trees, which does not fully explore the solution
space. On the other hand, PBGA shows significant improvement, especially on the
Type 6 Small dataset.

Although PBGA does not completely outperform the other algorithms on large
datasets, it performs better on most samples. BSPH produces inferior results com-
pared to PBGA on all samples, except for sample 50gil262 from the Type 1 Large
dataset and 9a280-3x3 from the Type 6 Large dataset. While SPGA has better
results on a few samples, PBGA overall proves to be more effective. PBGA demon-
strates improvement compared to BSPH and SPGA, with an average PI improve-
ment ranging from 0.20 to 3.33.

To evaluate the aspect of finding the best solutions, Figure 18 illustrates the
distribution of RPD values for each algorithm.

PBGA achieves the lowest RPD values, around 2%. Additionally, the consis-
tency of the results across different runs and samples is evident from the short and
closely located boxplots, indicating minimal variation.

To evaluate the running time, this study calculates the average running time
in seconds of the algorithms on the samples of each dataset and illustrates it in
Figures 19 and 20. On small datasets, PBGA has the lowest running time, but
the difference is not significant. On large datasets, there is a noticeable difference
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Figure 18. RPD values of PBGA compared to BSPH and SPGA

between the datasets. PBGA has the lowest running time on Type 1 Large and
Type 6 Large but the highest on Type 3 Large and Type 5 Large.
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Figure 19. Average running time of the algorithms on small dataset BSPH, SPGA and
PBGA
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Figure 20. Average running time of the algorithms on large dataset BSPH, SPGA and
PBGA

5.5.3 Convergence Trends and Time Running

As SPGA and PBGA tend to converge quickly within the first few generations on
small datasets, this study focused on evaluating the convergence trends of these
two algorithms on large datasets. The convergence trend of each dataset is as-
sessed by calculating the average fitness value for each generation over 30 runs. The
convergence trends of selected instances from different datasets are illustrated in
Figures 21, 22, 23, and 24.

To analyze the convergence trend on the dataset, the convergence rate can be
evaluated using the normalized average value of the dataset, based on the formula
described in [29]. The process of calculating the normalized average value of algo-
rithm A on dataset T is as follows:

• Compute the average solution value (based on 30 runs) for each generation on
dataset i of T . The average solution value of algorithm A at generation t on
dataset i is denoted as AVGi

At.
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Figure 21. Convergence trends of SPGA and PBGA on Instance 50pr439 of Type 1 Large

• Calculate the normalized value for each dataset i. At generation t, the normal-
ized value is computed using the following formula:

siAt =
AVGi

At − AVGi
A

AVGi
A0 − AVGi

A

.
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Figure 22. Convergence trends of SPGA and PBGA on Instance 25i750 of Type 3 Large
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Figure 23. Convergence trends of SPGA and PBGA on Instance 25i500-308 of
Type 5 Large

Here, AVGi
A0 represents the average solution value when initialized, and AVGi

A

represents the average solution value of algorithm A after 500 generations. In
case there is no improvement compared to the initialization value (AVGi

A0 =
AVGi

A), we assume siAt = 0 for all t.

• Calculate the normalized value for the entire dataset T by taking the average of
the normalized values across all dataset instances:

sTAt =
1

|T |
∑
i∈T

siAt

the normalized value belongs to [0, 1].

Using this normalization approach, the convergence trend of SPGA and PBGA
algorithms on several large datasets is illustrated in Figures 25, 26, 27, and 28.

The comparison between the two algorithms shows that PBGA tends to con-
verge slower than SPGA in the first 50 generations, but it improves rapidly in the
next 50 generations. Therefore, maintaining population diversity through tiered
selection in PBGA helps ensure the exploration factor, surpassing SPGA in the
50–100 generation range. However, from generation 100 onwards, both algorithms
gradually converged, and after generation 200, no significant improvement was ob-
served.
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Figure 24. Convergence trends of SPGA and PBGA on Instance 49lin318-7x7 of
Type 6 Large

5.6 Dicussions

Generally speaking, a good metaheuristic needs to balance exploration and exploita-
tion capacity. The exploration characteristic means the search explores new promis-
ing solutions, while exploitation means the search effectively exploits the current
solution space. Related to the problem, we found that only one metaheuristic SPGA
was proposed to solve it in the literature, though it is an interesting problem.

The SPH method in SPGA is mainly based on a greedy approach to finding the
Steiner tree. However, it is too greedy and does not support enough diversity to
maintain the exploration capacity for SPGA. Therefore, SPGA can get trapped in
the local optima. On the other hand, in finding the Steiner tree, the PBS in PBGA
provides a promising list of candidate vertices to visit. In each step, we select a
vertex from the list. Therefore, it brings randomness and greediness together. The
size of the list controls the balance between greediness and randomness. This balance
helps PBGA to maintain a diversity of the population. Additionally, the search is
prevented from premature convergence in many cases. As a result, PBGA is better
than SPGA in most cases in terms of solution quality and convergence trends.

6 CONCLUSION

This paper introduces a two-level Genetic Algorithm using Priority-Based Search
to solve the CluSteiner problem with two contributions. First, we propose the PBS
algorithm to find better Steiner trees, maintaining the exploration capacity. Second,
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Figure 25. Convergence trends of SPGA and PBGA on Type 1 Large

we introduce the efficiency algorithm based on a genetic algorithm scheme with
priority-based encoding. The algorithm has a good balance between exploration
and exploitation. Its efficiency, in terms of solution quality, computational time,
and convergence trends, was evaluated by extensive experiments. The results show
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Figure 26. Convergence trends of SPGA and PBGA on Type 3 Large
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Figure 27. Convergence trends of SPGA and PBGA on Type 5 Large

that PBGA is superior to other existing algorithms for most cases. The new best
solutions can be reached in many cases. However, the algorithm’s time complexity
may limit its scalability, especially for large, sparse, or non-metric graphs, and future
work could focus on optimizing it through parallelization techniques. In addition,
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Figure 28. Convergence trends of SPGA and PBGA on Type 6 Large
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the proposed algorithm can also be combined with other advanced optimization
methods to improve the quality and efficiency of the solution, which could further
enhance performance and reveal new areas for improvement.
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