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1 INTRODUCTION

In the past, the construction of practical erasure-correcting codes was mainly moti-
vated by their applications in packet-switched networks and distributed storage sys-
tems. A practical family of codes for erasure correction was proposed by McAuley
in [T]. It was named Weighted sum codes. Their main advantage is very efficient
simple hardware and software realizations of corresponding encoders and decoders.
In [2] Farkas noted that these codes are equivalent to extended Reed Solomon codes
and shortened versions of extended Reed Solomon codes, respectively. In [2], it was
also demonstrated that it is possible to correct one error in each codeword of such
codes.

The Weighted sum codes inspired further research of codes with very simple
encoding and decoding procedures. In [3] Farkas and Baylis proposed other families
of related codes, namely ¢-information error correcting codes, single error correcting
codes and conditionally double error correcting codes. In all these families the codes
are distinguished by high coding rates and low complexity of decoding. Later in [4]
following this direction of research a family of double error correcting codes was
proposed. More recently, continuation of these efforts brought a surprising result,
namely five times extended Reed Solomon codes constructed over finite fields GF (2°)
where £ is an odd integer, that were discovered in [5]. In [6] it was shown that
these codes can correct up to two errors and they could be decoded using syndrome
decoding. In this paper a new family of three erasure correcting codes is proposed
which is distinguished by simple implementation of decoding procedures.

In recent times DNA computing, DNA communication and especially DNA stor-
age research have invoked fresh interest in constructing new coding schemes adapted
to the needs of these areas [7, [§].

DNA storage has several advantages that may make it the preferred storage
system of the future:

e it has high density,
e it has longevity,
e it has small CO, footprint,

e it is a universal storage medium used by nature.

However, storage systems need to use codes which correct the impairments that
occur during synthesizes and reading the information stored in DNA strings [9], [0,
11, (12, [13].

Levick at al. showed in [T4] that if the DNA multi-draw storage channel is
modeled as an erasure channel, then its capacity could be achieved using linear
codes. Reed Solomon codes, which belong to linear block codes, were used in [15]
to protect information in DNA storage. In [16, [I7] the codes correcting single or
double deletions (erasures) were considered for DNA storage.

Data is stored in DNA strings with lengths of several hundred nucleotides. The
state-of-the-art results indicate that erasure correcting block codes over finite fields
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similar to Reed Solomon codes with some flexibility in the encoded block lengths
could be useful for DNA storage.

The paper is organized as follows. In Section 2] the basic theoretical background
is given. In Section [ the new family of codes will be presented. In Section [
the syndrome decoding algorithm for the new family of codes will be proposed. In
Section [f] the encoding procedures will be described. The last section will give some
concluding remarks on possible further research in this direction.

2 BASIC THEORETICAL BACKGROUND

A linear block code C' is defined as a k-dimensional subspace of an n-dimensional
vector space defined over a finite field GF(g). In practical terms n can be interpreted
as a codeword length and k as the number of symbols which contain the encoded
information — the so called payload. Ry = k/n is a code rate. The Hamming weight
of the codeword ¢ = (¢,—1, Cn—2, - .., Co), is the number of its non-zero symbols or in
other words non-zero coordinates in the vector used for its mathematical description.
Any linear block code can be defined using its parity check matrix H with
dimensions: (n—k) xn. The rows of H describe the so-called parity check equations
valid for all ¢ € C'. In a compact way it is expressed by the following equation

cH" =o0. (1)

Error correcting linear block code construction has particularly contradictory
goals. On one hand the goal is to minimize their redundancy given by n — k and
on the other hand to maximize the minimal Hamming distance between their code-
words. The Hamming distance between two codewords c; € C' and c¢; € C' denoted
as d(c;, ¢;) is the number of coordinates by which the two vectors differ. The min-
imal Hamming distance between any two codewords of a code is denoted as d,,. It
is well known that the number of errors ¢ which can be corrected in one codeword
of a code with code distance d,, is

2% +1< dpy. (2)

In non-binary error control codes, the error can only be corrected if its position
and value is known, therefore each error is connected with two unknowns. In con-
trast, in case of erasure the position is known and only one unknown, namely the
erasure value has to be obtained in order to correct it. Therefore the number of
correctable erasures ¢ is connected with code distance by this expression

In some applications and for some codes it is also possible to use decoding of
errors and erasures. In this case the following inequality must hold

A +e+1<d,. (4)
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The basic parameters of linear block codes are given in a compact way using
a triple [n, k, d,] gr(q)- Different tables give the state-of-the-art knowledge about the
bounds on d,, as function of n and & [I§] which we will denote d,,(n, k).

It is worth noting that for some of the codes mentioned in the introduction it
is known that they are reaching the upper bounds on d,,(n, k) and so belong to the
class of so-called best linear block codes. For example the five times extended Reed
Solomon codes defined in [5] belong to such a class. However, the tables give data
about the bounds and basic parameters of best-known linear block codes only up to
certain values of codeword lengths and code dimensions, therefore it is not possible
to decide whether all mentioned codes belong to such a class of the best linear block
codes.

Some linear block codes belong to the class of cyclic codes. They have the
property that each cyclic shift of codeword from a cyclic code is also a codeword from
that code. For cyclic codes it is very useful to denote the codewords as polynomials

c(r) = cp1x" o P - ez + . (5)

One of the advantages of such an expression is that some polynomials are directly
connected to hardware realizations of different linear shift registers with feedback
and digital filters which are used to realize the encoders and decoders of cyclic codes.

The other advantage is that many codes are defined by roots of the polynomials
which represent codewords of cyclic codes. BCH codes and Reed Solomon codes are
the most popular examples of it.

This allows for checking whether a given polynomial is a codeword by substi-
tuting all roots by which the code is defined into the corresponding polynomial.
If, for some roots, the evaluation gives nonzero values, these values are known as
syndromes and can be used in so-called syndrome decoding in order to correct the
corresponding polynomial or vector in such a way that, as a result, an estimation of
the codeword is obtained.

The model which will be used to describe erasures is depicted in Figure [T}

Figure 1. Erasure channel model where ¢ and v and e denote transmitted codeword,
received vector and erasures modelling vector respectively. In this model erasures (non-
zero coordinates of e) are inverse elements with respect to addition in GF(q).

Alternatively, polynomials ¢(z), v(x) and e(z) can be used to represent these
vectors as well, which will be more convenient for the decoding description in this

paper.
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3 THREE ERASURE CORRECTING LINEAR BLOCK CODES

The new family of codes proposed in this paper is defined by the parity check
matrix of the codes defined by different finite fields GF(q) with characteristic 2 in
Theorem [I

Theorem 1. The following control matrix:

A A A A A

H— . 6
B,. ... By B, B, By |’ (6)
where
1 1 1 1
A = ™ L a? ot 1 (7)
a2 ot a1
(1 ... 1 1 1
[« ... & a «a
B, = @ o a? 9)
[ a? ... a? o o2 ]
B; = o' o't ot | (10)
[ ... o & od ]
B; = of ot o o | (11)
[ (a—2) (g—2) (¢—2) (g—2)
a RO « a
Boo = | 22 22 o202 4202 (12)

and « is a primitive element from GF(q), defines a family of linear block codes over
GF(q), which could correct up to 3 erasures in each codeword.

Proof. In order to correct 3 erasures we need to obtain a system of three linearly
independent equations from which the erasure values could be computed. By ob-
serving the structure of the matrix H defined in @ it is obvious that it is possible to
obtain at least 3 linearly independent equations from the rows of H for any possible
combination of 1, 2 or 3 erasure positions. Therefore this control matrix defines
a 3 erasure correcting code. ]

(More details on decoding will be given in the next section). Let us, however,
first introduce the basic parameters of the codes constructed using matrix H @
The codeword lengths depend on ¢, namely n = (¢ — 1)%2. On the other hand the
number of parity check symbols is constant, namely n — k = 5. Therefore the code
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rate of the proposed code is: Ry = [(¢ — 1)? — 5]/(¢ — 1)%. For example, if the
proposed code is constructed over GF'(16) then n = 225 and k = 220 with the code
rate of R, = 0.977. The standard Reed Solomon code correcting three erasures
defined over GF(16) has n = 15, k = 12 and Ry = 0.8. It can be seen that the
proposed codes have higher code rates than Reed Solomon codes constructed over
the same finite fields.

4 ERASURE DECODING IN CODEWORDS
OF THE PROPOSED CODES

In this chapter a decoding algorithm, which could be used for any code from the
proposed family of 3 erasure correcting codes will be described. It was inspired by
the well-known syndrome decoding of Reed Solomon codes. Reed Solomon codes
in their original form could be defined by an H matrix, which is equivalent to
a single Vandermonde matrix. In contrast to the Reed Solomon codes the first
3 rows (from top) of the H matrix (6]), which defines the new codes are com-
posed of ¢ — 1 Vandermonde matrices A and the last 2 (bottom) rows are com-
posed of matrices By, By, ..., B;_2. By closer inspection of B;; j =0,...,¢ — 2
it could be seen that the last two rows contain columns which represent “block-
interleaved” Vandermonde matrices. In particular, By is composed of columns con-
taining the rightmost elements of the last two rows of A @ B; is composed of
columns containing the second rightmost elements of the last two rows of A and so
on.

This special structure guarantees that enough linearly independent equations
for syndrome decoding are available to the decoder independently of the positions
of the 3 erasures. The model in Figure [I] represents a transmission channel with
erasures which can be described as

v=c+e, (13)

where vectors ¢, v and e represent the transmitted codeword, received word and
erasure vector, respectively.

In this model erasures (non-zero coordinates of vector e) are inverse elements
with respect to addition in GF(q). Therefore, the goal of decoding is to calculate the
values of erasures. One method is to use syndromes or, more specifically, syndrome
equations.

In the syndrome decoding algorithm the first step is to calculate syndromes
using equation

S=v.H, (14)

where S = (Sp, S1, 99, 53, S4) is a syndrome vector, and H” is a transposed H matrix.
Its coordinates are syndromes, corresponding to the five rows of control matrix H
given by indices in order from the top to the bottom.
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In order to get a more detailed description for calculating particular syndromes

let’s use the following notation for the received vector:

V= (Uqu,qu, <5 Ug—2,1, Vg—2,0 ...

e | vq—?,la e 7U1,17U0,17 | e | vq—Q,Oa e aU1,0,'UO,0)~
Using this notation:

Sg = (Uo’o + V1,0 + V2,0 + -+ ’Uquyo)
+ (11071 + V1,1 + V2,1 + o+ 1],17271)

+ (vo,g—2 + V1g—2 + Vag2+ -+ + VUg24-2),
Sl = (1)()70 + V0,1 + Vo,2 + -+ 1}07(1,2)040
+ (1117() + V1,1 + V1,2 + o+ 1}17(1,2)()(1

—2
+ (Vg—2,0 + Vg—2,1 + Vgo22 + -+ Vgag2)a? 7,
Sy = (o0 + Vo1 + Vo2 + -+ + )a’
2 Vo,0 T Vo,1 T Vp,2 Vo,q—2)x
2
+ (v +v11+vig+ -+ Vg0

+ (V2,0 + Vg21 + Vg 22+ + 'Uq727q,2)012(q72)7
S3 = (vo,0 + V1o + Voo + + - + Vg_n0)a’
+ (vo1 +v11+ Vo1 4+ 11(;72,1)041

—2
+ (Vog—2 + Vig2 + Vag2+  +Vgag2)at 7,
S _ 0
4= (Voo +v10+va0+ -+ V420

+ (vo1 +v11+ V214 + Uq—2,1)042

+ (UO,q*Z + Vg2 F Vg 2+ -+ Uq72,q72>012(q_2)_

(15)

(17)

(19)
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If we introduce:

then:

q—2
pi=Y vij i=0,...,¢-2, (21)
j=0
q—2
Ki= Y vy, i=0,...,q-2 (22)
=0
q—2
So =Y ki, (23)
=0
q—2
S, = Zpial, (24)
=0

S; = Zm—aj, (26)

S4 = ZI{Z‘O[2j. (27)

This notation allows us to illustrate the “block interleaved” structure of the code
in Figure 2} In Figure [2 the received vector is stored in a 2-dimensional storage. It
is obvious that p;; i = 0,...,¢ — 2 and x;; 7 = 0,...,¢ — 2 could be obtained by
adding the values in corresponding rows and columns from the obtained table.

Voo Vo1 Voo Vog2 |— Po
Vio Vit Vi Vig2 |— Py
Vao Vi Voo Vog2 |— Pa

| Vg2 | Vg1 | Vg2 | | V42 |*> Pg-2
Ky K K Kg2

Figure 2. Received vector symbols stored in a 2-dimensional memory (“block interleaver”)
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In the second step the syndrome equations are formed. From 7 and
it is obvious that

S=eH". (28)

An appropriate subset of linearly independent equations has to be selected from
which the estimations of erasure values are calculated. The following subsections
analyse any possible combination of erasure location in the received vector for up to
3 erasures. In the following text, the erasures will be denoted as Fj;, where ¢ equals
I, 11, III.

4.1 One Erasure

If one erasure occurs, it is obvious that only one equation necessary for decoding
always exists and can be obtained be multiplying v with the first row of HT. For
example, an equation which corresponds to the first syndrome Sy could be used to
compute the value of one erasure denoted as E;. In this case from and it
follows:

Sy = E. (29)

4.2 Two Erasures

If two erasures occur in the received vector, a system of two linearly independent
equations has to be formed. A more detailed analysis is required depending on the
positions of the erasures.

Two erasures F; and E;; will be in the positions which are inside the same
matrix A @ or in two different matrices A localized in different columns.
In these cases, the two linearly independent equations that are necessary to calculate
the values of the erasures could be formed using the first two syndromes.

So = E;+ Eqy, (30)
Sy

(JziIEI—l-OéiHE][. (31)

where a7 and 77 are the known locators (since the positions of erasures are known)
of the erasures inside the A matrices. In more detail, the first erasure is in the ith
column from the right and second erasure is in the i} column from the right inside
their A matrices.

In a practical decoding algorithm, in the first step the syndromes Sy and S are

calculated using and . Then E; and E;; are calculated. From and
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it follows:
Sl + Oéi” S()
Er=——— 32
I (Oé” i O[ZII)7 ( )
Sy + a1 S
By = Sy + 27420 (33)

(ah + aiu) ’

Two erasures E; and E;; will be in the positions which are inside two
different A matrices localized in the same columns of A or in the other
words: i; = i;;. In this case, the two linearly independent equations stem from
multiplication of v with the first, fourth and the fifth (from top) transposed row of
the H matrix @

Because the erasures are localized in two different matrices A, they are also
located in different matrices B.

SO = E[ + E[], (34)
Si = ¥ E; + o¥1Eyy. (35)

Using and for example we get

Jrr
B, = BraS (36)
(ah + a]n)
3 Jrr
Eip =Sy + 55 1 a5 (37)

(aj[ + adir) '

4.3 Three Erasures

Three erasures E;, EFrr and Err will be in the positions which are inside
the same A matrix or in three different A matrices localized in three
different columns. In this case, the first three syndromes could be exploited to
form a system of 3 linearly independent equations necessary to compute Ej, Eyj,

and Eyrr. The syndromes Sy, S; and Sy are calculated using , and :

So = Er+ Eir + Err, (38)
S| = Q" Er + o' Epp + o' Eyyy, (39)
SQ = O(ZiIE[ + O(Zqufj + azi”’EIH. (40)
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So 1 1
S1 T e
5’2 i Q2
1 1 1
alt alrr olIIr
Q2 Qi i
1 So 1
all 5’1 QT
a2 So a2iarr
Ep = (42)
1 1 1
alt alr Qlrr
O/Zil QQiII azilll
Lo,
o'ttt
a?i[ a2i1] SQ
Err = (43)

1 1 1
all ot ol
a%l a?in azinl

or by Gaussian elimination.

Three erasures F;, E;; and E;;; will be in the positions which are inside
three different A matrices localized in the same columns. In this case,
a system of 3 linearly independent equations necessary to compute Ej, Err, and
Errr can be formed using the first, fourth and fifth syndrome:

So = Er+ Eir + Enr, (44)
Ss = o’ Er + o’ Ep + o/ By, (45)
Sy = o™ E; + o Erp 4+ o¥1 Eppy (46)

This system could be solved using determinants or Gaussian elimination as in

case 3]

Three erasures. Two erasures E;, Ej; are localized in the same column of
A and the third erasure FEj;; is in a different column of A. This situation
can occur in different sub cases.

Case A. Two erasures are localized within the same matrix A and the third one is
in different matrix A. For example let: i; = i7; # @777, j1 = Jr11 7 Jrr, b1 % jrir-



440 P. Farkas, K. FarkaSovd, F. Pavelka, M. Rakis

In this case the decoder can form five equations for computing all five syndromes
SO) Sh 527 S3a and 54

So = Er + Eir + Err, (47)
S| = a"E; + o Erp + o1 By, (48)
Sy = &® E; + o*" Eqp + o*" Eyyy, (49)
Ss = o"E; + o' Epp + of By, (50)
Sy = ' E; + o Er + o* 1 Eyyy, (51)

From and we get

jIS 2]‘15’(
By = it o (52)

Q2irQdrr 4 odrqinr

and from and we get

Oé”Sg + Oé2”51
Q2 oI 4 o1 o 2inr

Err =

and by using
E;=8So+ En+ Err. (54)

Case B. Three erasures are localized in three different matrices A while two of
them are localized in the same columns of two different A matrices. Then:

ir = irr, %1 # trrr, §1 # Jrn 7 o

So = Er+ Er+ Eqn, (55)
S, = " E; + o' B + o' By, (56)
Sy = o® Er + o* Erp + o*" By, (57)
Ss = &"E; + o/ Epp + o By, (58)
Sy = ¥ E; + o®1 Epp + o1 By (59)

In this case, , and could be solved using determinants or Gaussian
elimination as in case .3l

The last step in the decoding algorithm is to correct the erasures in known
positions, which is straightforward from ([13]).

The analysis of the decoding algorithm serves as a detailed proof of the previous
theorem. Another confirmation that the presented family of codes has code dis-
tance 4 was obtained by calculating its weight spectra. An examples of the weight
spectra of code constructed over GF(4), GF(8), and GF(16) follows.
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The weight spectrum of [9,4,4]gr) code: ag = 1, ay = 27, ag = 54, a; = 108,
ag = 54, Qg = 12.

The relevant part of the weight spectrum of [49,44, 4] gp(s) code: ag = 1, ay =
32585, a5 = 806 736, ag = 50853866, ar, ..., as9 # 0.

The relevant part of the weight spectrum of [225,220,4]gr6) code: ag = 1,
ay = 10135125, a5 = 3193835400, ag = 1834779161250, az, ..., azs # 0.

5 CONCLUSION

In this paper, a construction of new family of three erasure correcting linear block
codes over GF(q) together with their syndrome decoding procedures was presented.
The designed code possesses code distance of four which enables correcting up to
3 erasures. This code distance was confirmed by weight spectra of their dual codes
using Krawtchouck polynomials. These code could be potentially useful in DNA
storage systems. However this will need further future research.
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